Engineering EEP 293
Systems - Enhanced Educational
Experience for Engineers
Professor Moore
Drexel University
FL 92



References

Chapter 1
Chapter 2
Chapter 3
Chapter 4
Chapter 5
Chapter 6
Chapter 7
Chapter 8
Chapter 9
Chapter 10
Chapter 11
Chapter 12
Chapter 13
Chapter 14
Chapter 15
Chapter 16

Contents

System Definition and Classification
Mechanical System Elements
Electrical System Elements

Fluid and Thermal System Elements

Generalizations and Analogies

Singularity Functions and Initial Conditions

Analysis of Elementary Systems
Zero and First Order Systems
Second Order Systems

Impulse and Step Response
Convolution

System Function

Laplace Transform
Transformers

Sinusoidal Steady State

Periodic Functions and Fourier Series



Systems Chapter 1 Study Guide

SY STEM: Definitions and Classification

A. Concepts Addressed By This Chapter
B.
1. Definition of System
2. System Boundary, Characteristics
3' System Classifications
a. Linear - non-linear
b. Dynamic - Instantaneous
c. Causal - non-causal
d. Stationary - time varying
4. System Order

B. Introduction
A system is aset of interacting components or elements in which the behavior of each
component affects the behavior of the whole set. With this definition, we might describe the
ultimate goal of engineering as the design and construction of physical systems to perform given
tasks Therefore, the methods used to analyze and synthesize physical systems are necessary
toolsfor all engineers. The overall objective of this course, therefore, isto introduce you to the
standard methods of system analysis and design, and to show that these methods may be applied
to al systems, including mechanical, electrical, fluid and pneumatic.
This chapter provides definitions and nomenclature used by system engineersto
describe system behavior. These terms will be reoccurring throughout the course.

C. Instructional Objectives

A student mastering this materia will be

ableto

1. Identify a system, its boundary and characteristics.

2. Given system equations or other necessary input-output data,
determine whether the system islinear or non-linear
determine whether the system is causal or non-causal
determine whether the system is time-varying or fixed
determine whether the system is dynamic or instantaneous
determine the order of the system.

D. Study Procedure
Read and study Chapter 1. Additional material can be found in references 5, 6, 7, and 13.
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Chapter 1
System Definitions

System: A system is a set of interacting components or elements in which the behavior of each
component affects the behavior of the whole set. Generally, the systems of interest to us have
been constructed to perform some useful task.

System Boundary The boundary is an arbitrary closed line which separates the system
from its environment. We usually draw linesto and from the outside of this boundary to
indicate interaction between the system and its environment. Outside independent influences
which affect the system across this boundary are called inputs or disturbances to the system.
Inputs are those effects to which the system is designed to respond. For example, the input to
the steering system of a car might be defined as the angular position of the steering wheel. The
behavior produced in the system by an input is called the system's response to the input. Certain
parts of the response may be defined as system outputs. The output of the car steering system
might be defined as the path of travel of the car. A system disturbance may be defined as an
external influence other than the defined input. In the case of the steering system, a disturbance
might be atire blowout or a skid In general, a system can have any number of inputs and
outputs. In the figure below, a system boundary is represented by the box. Itsinputs
(independent variables) are labeled x1 x2, etc., and its outputs (dependent variables) arey |, y2,
etc. Thisisastandard way of representing a system.

Disturblru:nr\.

Inputs H Outputs

ysem Boundary—

Figure 1 Block Representation of a System

System Characteristic
The H represents the operation that the system performs on the input(s) to produce the
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output(s). H should be thought of as a mathematical operator and may sometimes be called
the system's characteristic, or transfer function.

y(t) =H [x(t)]

Consider the heating system of a house. We might consider it to be a system influenced
by the temperature it senses in the house and the thermostat setting (inputs). Its output
(assuming a hot water system) might be considered to be aflow of hot water in the radiators.
The charactexistics involve the relation between the sensed temperature and thermostat setting
which causes the heater to be turned on or off, the speed with which the system responds to
changes of inputs, the linkages between the various system components, etc. For a system this
complex, amathematical function H may be difficult to determine directly.

Houase
Eemperahire
e ———

Hﬂaﬂng Hot waker flow
Thermostat Systsm
setiing

Figure 2 Inputs and Outputs of Home Heating System

Often, large systems can be subdivided into smaller, interacting systems. The heating
system box might be replaced with several interconnected boxes representing the thermostat,
the heater, the water pump, etc. Each of these could be further subdivided into a number of
simpler components. At some point, the detemination of these sub-system transfer functions
becomes feasible. It may then be possible to use the interconnection diagram to determine the
overall system transfer function.

A large part of this course will be devoted to the determination of the equations
relating input and output of various systems, and the solution of these equations to predict
system behavior. The methods we will learn do not all apply in all casesto all systems. Itis
therefore important to recognize certain system properties which may be used to determine
the applicable method of solution.
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System Classification according to behavior:

Linear / Non-Linear

Most physical systems are non-linear. Unfortunately, most of the methods we use to solve
systems apply only to linear systems' We often use these methods anyway and restrict our
solution to operating ranges of the system where linearity may be assumed. Thisis always a
question to be considered when modeling large scale systems because ignoring nonlinearities can
result in large errorsin the solution obtai ned.

A linear system may be defined as one in which superposition holds between inputs and
outputs. Suppose an input x1 produces an output y1 Now suppose we change the input to x2 and
observe that the output becomes y2. If the system islinear, the application of ( x1 +x2) asan

input will result in an output of (y | + y2). That is, the superposition (addition) of the inputs
results in the superposition of the outputs that each input produced when it acted
alone.

An example of alinear system isthe relation in a spring scal e between the force exerted
on the spring (x = input weight) and its resulting displacement (y = output reading). If the scale
registers two pounds when item A is weighed alone, and three pounds when item B is weighed
alone, and if it isalinear system, it will read five poundsif items A and B are put on the scale
together'

k3
4

e AlA

Figure 3 Linear System: Summing inputs produces sum of respective outputs

An example of anon-linear scale would be one which has an upper limit (a mechanical
stop) of 4 pounds. Now the indicated weight of the two items together (4 1bs) is not the sum of
the weights read individually. This system has a linear range of 0 to 4. The spring scale would
also be considered non-linear if we take the output quantity to be energy stored in the spring
instead of its displacement. Since energy stored in a spring is proportional to the square of the
displacement, d,

E=1/2 kd?
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the superposition of two input weights wl and w2 results in an energy storage of
E=1/2 k (dy+dy)?

where dl and d2 are displacements produced by w1l and w2,respectively. Note that for linearity

between input force and output energy, we would need 1/2 k IIZl:i]2 + diz“}.

Test for Linearity
The basic test for linearity of a system is superposition. This test may be applied

experimentally or analytically. For example, suppose we wish to determine whether the
system whose differential equation is given by Equation 1 islinear. (Remember that x(t)

dy -
Y& + 4y = x(1) "

Assume we have two different forcing functions, x1 and x2, to try on the system. Define
y1 to be the response (output) to x1 acting alone, and y2 the response to x2 acting alone. Then
the system equation may be written for each case:

dy
-1 -
}r] dl + 4?1 - I]_ (2)
dy
2
Yo g + 4};2 = X3 (3)

Now, if the system islinear, then x1 + x2) at the input should produce y1 + y2) at the
output. That is, Equation (1) should betruefor x =(x 1+ x2) andy = (y 1 + y2) asgivenin
Equation 4.
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(4)
To seeif thisisthe case, add equations (2) and (3):
dy1 dy2
Yig thag t Aty = XXy -

Thisis not the same as Equation (4) because of the product term. Since the superposition of
inputs x = (x 1 + x2) does not result in the superposition of outputsy = (y 1 + y2), Equation (1)
does not represent alinear system.

In addition to the somewhat more formal test performed above, non-linearity can also be
determined from the presence of certain types of termsin the system equation Termsin which
either the input or output variables (x or y) or their derivatives appear to a power other than 1, or
multiplied together, guarantee non-linearity. Examples are terms such as.

2 (g
< (@) ") | a?)

s

2
d}']

Memory/Memoryless

This designation refers to whether the present output of a system is influenced by past
inputs. If our spring scale system had F = ky as its system equation, it would be an "instantaneous’
or memoryless system. If the input force suddenly changed from one constant value to another, the
output displacement position would instantaneously change with it. We know that since any spring
has mass, and because friction may be involved, its motion will not be instantaneous with the
applied force, but instead motion will follow changes of force with some delay, and may even
overshoot and oscillate about the final position for atime' Actually, the equation for the spring
system might be more like

F = md2y/d? + bdy/dt + ky )
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where m is the mass of the moving part of the system, b isafriction coefficient, and k is
the spring constant. In the figure below, the left panel shows the spring deflection, y(t), for a
memoryless system described by F = ky. The panel on the right shows the deflection for a spring
system with memory, described by Equation 6.

s s

c c

2 2

2 3

o [~

= . =

L | weight removed at t=0 i~ ; =

&l &l weight removed at t=0
Memoryless System System with Memory

Figure 4 Response of spring system to removal of aweight at t=0

Any system which requires a differential equation to describe its input/output relation
has m en more. (Such a system may also be referred to as dynamic .) To solve adifferential
equation, we must integrate over time from the past to the present. Therefore the solution (the
present output) depends partialy on past history.
The converse of the above rule may not always apply. A system defined by an
algebraic equation may also have memory. Consider atape recorder in which the tape passes
first over arecord head and then over a playback head. The signal recorded on the tape is x(t).
output, y(t), is y(t) = x( t - 1), where 1 is a fixed time delay required for the tape to pass from one
head to the next. Since the output is not exclusively a function of the input at the present instant,

this svstem has memory.
Note that the determination of system propertiesis dependent on aclear definition of

system input and output. The present volume of liquid in atank depends on the entire past
history of flow ratesin and out of the tank. So if the input is defined as flow in or out, and the
output is volume in the tank, the system has memory. Note in the figure below that the output,
volume in the tank, may remain non-zero even with a zero input because it "remembers” past
flows. However, if we take pressure at the bottom of the tank as the output, and volume of liquid
as the input, the system is memoryless.

Algebraic system equations without time delay indicate memoryless
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Figure 5 Memory Property Depends on Input and Output Definitions

Time Invariant/Time-varying

In atime-invariant (or fixed) system, the output function is the same regardless of
when the input is applied. Suppose x(t) is an input which produces y(t) at the output. Then for
atimeinvariant system, if x isdelayed by T seconds, the output is also delayed by T seconds,
but not changed otherwise. That is, x(t -T) produces y(t -T).

x(t-T) vit-T)

— x|,

Figure 6 Time Invariant System

If your stereo system istime-invariant, arecord sounds the same regardless of when it is played.
However, if some componentsin your amplifier change their value as they heat up, you may note
differences in the output between playings of a given record. The system has changed, but not as
afunction of the input.
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Time varying behavior can be noted from the system differential equations. If any
coefficient is an independent function of time, the system istime varying. For example, the
system represented by the equation below is time-varying because of the coefficient of the
dy/dt term.

d d
4= + cos(2) =L + 6y = x(t)
+ &

Note that the coefficient must be an independent function of time. The equation below represents
a system which istime invariant, and non-linear.

2
d d
4—g+}r—f+ﬁ}r = x(t)

Causal/Non-Causal

A causal system is one for which the output does not anticipate the input that caused it.
No physical system operating in real time can anticipate an input signal. Such a requirement
makes the system non-realizable. An example of a non-causal system equation is given below.

ylt)=x(t+3)

In this system, the output, v, is reacting now (t) to an input, x, which will occur 5 seconds
from now (t+5). For example, whent =0,y (0) =x (5). That is, the output at t = O reproduces
the input which won't be applied to the system until t = 5. In some computer applications, where
the input function isalist of valuesin time order, it is possible to construct a simulation where
"future” data points are used to compute the present system output. Thisis not possible in any
real-time svstem.

System Order

System elements we will study can be divided into two types: those which transfer energy
into or out of the system (energy sources or sinks), and those which store energy temporarily. In
our spring system discussed above, we may consider the mass, friction, and spring elastance as
separate system elements. Two are energy storage el ements (mass can store kinetic energy, and the
Spring can store potential energy). The other element acts as a sink for energy (friction converts
kinetic energy to heat and this energy is permanently lost from the mechanical system). System
order refers to the number of initial energy storage values required to solve for a particular system
output. Therefore, the number of indep ndent energy storage elementsin a system determines the
upper bound on system order. The type of response a system hasto any input isa
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function of its order.

System order can best be determined from the system's differential equation. First,
differentiate or integrate through the equation relating x(t) and y(t) so that no integrals appear
(both x and y), and so that aterm containing either y(t) or x(t) (undifferentiated) is present. Then
system order isindicated by the highest derivative of the dependent variable, y, in the equation.
An instantaneous system, y(t) = K x(t), therefore, is of order zero. The system whose equation is
y(t) = dx/dt isalso of order zero' A zero order system is instantaneous (memoryless).

Because it contains two independent energy storage devices (mass and spring), the spring
scale system of Figure 4 can be second order. A look at Equation 6 indicates that if the output isy
and the input is F, the system is second order. To be able to solve this equation, the energy stored
in each storage element must be known at some specific time' Note that the differential equation
which describes the spring system is also of second order (the order of adifferential equation is
defined as the order of the highest derivative of the dependent variable.). These definitions of
order for systems and equations are not exactly the same, since we may differentiate the equation
any number of times, but the system order remains two.

In the equations below, vy is the system output and x is the system input. System order
is specified for each.

second order: first order
Foore
a + 3y = | xd

s 43y = x
EZTF+E}P= x (1) dr
@ y@) = Jxmm
d—y+ + a d = x(t) d
a TMYTR)Y % = x(t)

zero order (memoryless)

y(t) =k x(t) y= d4x J’ y) dt = x(t) + ﬁi

dI“
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System Classification According to Conservation of Mass or Charge:

To formulate mathematical relationships which can predict system behavior, we generally
make use of two basic laws of physics which apply to any system: conservation of energy and
conservation of mass or charge. The state of the mass which is used to store or transfer energy in
non-electric systems is often used to further classify the system (although most systems contain
elements of more than one classification). We will use the term mechanical system to denote a
system in which the energy transfer is among solid bodies. (Mechanical systemswill be further
subdivided into tranglational mechanical systems where motion islinear, and rotational
mechanical systems where kinetic energy is stored in rotating masses.) If the medium for energy
storage or transfer isaliquid, the system is called a hydraulic system’ If the medium is a gas, the
system may be called a pneumatic system. The term flui system may refer to either hydraulic or
pneumatic systems. Systems for which the energy is stored or transferred by electric charges are
called electric systems. A classification which does not exactly fit this framework is that of
thermal system in which the storage and flow of heat energy may involve any state of matter.
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Chapter 1 Problems

1. Fill in the boxes below with aY (yes), an N (no), or anumber, which answers the
questions posed in the left column of the table.

2
dy dy
(@) — +y— + ¥y = x(t)
dtz ct
{b) % + 10y + 5= x(t+1)
(€ ylt) = xt-2)
9y o
{d} dt + 8 !Fr = xﬁ-aj
Property a b [ d
Linear?
Time invariant?
Causal?
Dynamic? L
Order?

2. Prove that the systems whose input-output equations are given below are non-linear:

(a) yit) + 5§ = x(1)
2
ﬂ—ﬂ + ¥ = x(t)
(b) ey T

3. Isthe system whose input-output equation is given below causal or non-causal? Show your
answer is correct by an example.

y(t) = x(t +4)
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4. For each of the systems whose equations are given below, determine whether the system is
linear or non-linear, time varying or fixed. In cach case, it is assumed that x(t) is the input and y(I)

15 the output.

dy dy 2

— 4+ 10y + 6 = x(t - 4+ 10y = t
@ @ y () 0 y =x°(1)

o dy d!"r

— 4+ 10y = =zt + 10y = =t

© e & ¥ (t) @ Y& y x(t)

dy dy

= + 10y = x(t+3) Y—+ 10ty = x(1)
(e) dt (f) dr

5. Consider a car radio as a system. Draw its system boundary showing (and naming) input(s),
output(s) and disturbances. Discuss linearity and time variation properties of the system as you
have defined it.

6. The equations below represent systems for which x(t) is the input, and y(t) is the output. For
each equation, indicate whether the system it representsis linear or non-linear, fixed or time
varying, causal or non-causal, and give the system order. (4 answers for each equation)

(a) (b)
: E
Iy + J. dt = x(t+2 _?r ﬁ - dx
¥ _ y (t+2) .;12 :i &
(c) (d)
; t
¥
E?i+t3.r+4=x{t'2] &‘"‘I? = x(t) + 2
(e) (f)
3{t]=jxdr. }r% +2y = &' x(1)

7. Use the superposition concept to demonstrate that the system whose equation is y(t) =1 x(t) | is
non-linear. (The symbols | | denote absolute valoe.)
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Systems Chapter 2 Study Guide

Mechanica System Elements

A. Concepts Addressed By This Chapter
1. Motion, force, energy.
2. Ideal mechanical trandational elements
mass, spring, damper
3. Ideal mechanical rotational elements
mass, spring, damper
4. Mechanical Transformers, Transducers
5. Modeling of real mechanical system elements.

B. Introduction

This begins our study of a number of idealized elements of various physical systems Real
system components usually possess a combination of the properties we will discuss. For
example, in mechanical systems, the analysis of any moving part probably must include
consideration of its mass, elastic properties, and friction. The analysisis simpler if these
properties are considered to be "lumped" into separate "idea" devices An ideal mass element is
one which cannot be deformed and which moves without friction. It can store energy (kinetic)
which isafunction its motion' An ideal spring element is one which has no mass and which can
be repeatedly stretched or compressed without any energy loss. It can store energy (potential)
which isafunction of the relative displacement of the spring ends. An ideal damper element is
one which dissipates energy whenever its terminals experience relative motion, but it does not
store energy. The property possessed by each ideal element is assumed constant. For example,
for an ideal mass we rule out changes in mass due to relativistic effects. Anideal spring does not
experience changesin its spring constant as might areal spring when it is stretched beyond its
normal range. Thefirst step in the analysis of areal system usually consists of modeling real
system components with ideal elements.

C. Instructional Objectives
A student who masters this material will be able to
1. Identify "across" and "through" mechanical system variables.
2. Write from memory the constitutive relationship for translational and rotational pure
mass, spring, and damper el ements.
3..Write from memory the symbols and the elemental relationships between force and
velocity for ideal trandational mass, spring, and damper elements.
4. Write from memory the symbols and the elemental relationships between torque and
angular velocity for ideal tin mass, spring, and damper elements
5' Use the elemental relationships to determine the result of an applied force or velocity to a
pure transational element, or an applied torque or angular velocity to a pure rotational
element.
6. Calculate work, power, and energy associated with ideal mass, spring, and damper
elements of alinear mechanical system.
7 Model agiven real mechanica system element by the appropriate ideal el ement(s). .
D. Study Procedure
Read Chapter 2. .
Additional material on many of the concepts discussed under this topic can be found
in most physics books and in Vector Mechanics for Engineers by Beer and Johnston.
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E4 Systems
Chapter 2
Mechanical System Elements

In amechanica system, energy introduced into the system may be stored in moving
masses within the system (kinetic energy), or stored in elastic material (springs) within the system
(potential energy), or may exit the system at an output port, or may be converted to a form other
than mechanical energy (for example, heat). Analogously, in an electric system, electric energy
input to the system from, say, a battery, may be stored in an electric field, in amagnetic field, be
transferred to a non-electric form, or output from the system in the form of electric energy. Most
of the systems we will study will have two types of energy storage and will possess mechanisms
for energy to be input and output across the system boundary. To help formulate rel ationships for
these energy exchanges, it is convenient to replace real system components by connected
elements, each of which isrelated to only one form of energy. Examples with which you may
already be familiar are the three elements of the electric circuit:

L C R
—YYV g e —AAA—a
Inductance accounts for Capacitance accounts forResi stance accounts
for
storage of energy in. storage of energy. inenergy transferred to a

In mechanical systems, three basic elements may also be defined. Consider a
mechanical system in which a massless bumper, backed by a spring, resists an applied force.
The spring isinitialy unstressed at position xO:

F——

—*X
Xy
Figure 1 Force Applied to a Mass-Spring System

As the bumper moves to the right, energy is transferred from the force (moving through a
distance) to the spring and to its mass. The total energy transferred may be cal culated using force
times distance. Where does this energy go? Some energy goes to storage as potential energy
within the spring. Thisis afunction of the position, x, of the bumper. Since the spring has mass,
thereisalso kinetic energy present, related to its velocity. Finally, we must expect that on a
molecular level, there will be friction effects within the metal of the spring asit is deformed. This
will result in some of the input energy being transformed to heat and lost to the system. The total
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energy delivered by the force must be equal to the sum of changes in these three quantities: kinetic
energy of the spring, potential energy stored in the spring, and (heat) energy transferred or lost.

The symbols defined for mechanical systems to account for these three energy types are:

m (er I) b
k
g]“_. T g o i | -
To account for storage To account for storage To account for energy
of kinetic energy ina of potential energy in an transferred out of
moving Mass. elastic spring. mechanical system.

Figure 2 Symbols of Ideal Mechanical Elements

The symbolsm (I for arotationa system), k, and b represent values determined from
system components such as mass, spring constant, friction coefficient, etc. These will be
defined further below.

1. Choice of Variablesfor Mechanical Trandational Systems:
Force and Velocity

1.1  Force: A Through Variable
By definition, a system consists of multiple components which operate together to
achieve a useful outcome. We may therefore assume that the elements of a mechanical system
are mechanically connected, and that one element is able to affect the behavior of another to
which it is connected by application of aforce at the point of connection. Since thisisthe basic
means of interaction of mechanical elements, we will choose force as a basic variable in our
study of mechanical systems'
Consider a series of blocks arranged so that the rightmost block is against afixed barrier
as shown in the figure. A force F to the right is applied to block A.

Figure 3 Force Applied to a Series of Blocks
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Since block A does not move, the net force on it must be zero. Therefore, it must be
receiving an equal but opposite force (-F) from block B. Now, Newton's third law states that the
action and reaction forces between bodies in contact must have the same magnitude and line of
action, but be opposite in sense. Thismeans A is also exerting aforce F on B, to the right. So we
might say that the force applied at the left side of A "flows" through A and gets applied to B
(and through B to C, etc.). Force is therefore called a "through” variable. A force applied at one
terminal of a system element must always flow through the element and exit at the opposite
terminal.

1.2 Velocity: An AcrossVariable
To account for energy in amechanical system, we need information about velocity of
masses (kinetic energy), displacement of springs (potential energy), and relative velocity
between damping or friction elements (energy loss). Since displacement and velocity are
related, we choose velocity as our second basic variable for mechanical systems.

Velocity is arelative quantity. When we say velocity, we really mean velocity difference
between two points. (One point in a system may be defined as the velocity reference point and be
assumed at zero velocity, but this choice can often be made arbitrarily) Consider a spring whose
endpoints are moving with velocities v1 and v2 with respect to some external reference point.

\"'l 'ﬁl"z

r r

Figure 4 Spring with velocity difference acrossits terminals

To determine the energy stored in the spring, we need to know the distance, Ax, the ends
have been moved from their equilibrium separation. In terms of velocity, this involves the integral
of (vg - v). Soitis the velocity difference across the spring which determines its stored energy.
Similarly, the velocity across a damping (friction) element is needed to determine the energy
loss involved in its motion. The kinetic energy of a mass depends on the velocity difference
between it and itsinertial reference frame. Since one terminal of a mass element is always
connected to the reference frame, the velocity difference will be referred to as the velocity across
the mass element. (We will find in each of our system types that an across variable and a
through variable are always necessary for formulation and solution of system equations.)

2. Work - Power - Energy
In a colinear mechanical system (all motion and forcesin the x direction), the energy
transferred from element A to element B may be calculated as the product of the force A exerts
on B times the distance moved. This may be referred to as the work done by A on B. For asmall
distance, dx,
dW=Fdx (1)

In the MKS system, work is expressed in newton-meters (joules).
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Since we want to use force and velocity as our primary variables, we can substitute for dx:

dx = v dt 2
giving
dW=Fvdt 3

To find the work done by the force on B from time t1 to time t2, we must integrate:

2
W =J Fv dt
4 (4)
Power is defined as the time rate of energy mransfer. Mathematically,
p=dW
dt (3)

Since the units of W are joules, power is measured in joules per second, or watts.
Dividing both sides of Equation 3 by dt gives a forrula for the power supplied by force F:

p=dW - Fy
dt (6)
This introduces arelation which will apply to many systems we study:
Power = (across variable) (through variable) (7

Note that power is an instantaneous quantity That is, power flowing into any element in a
mechanical system at any instant in timeis equal to the product of the force through that element at
that instant, and the velocity across that element at that instant. Unlike the determination of work
done, past history is of no significance in the calculation of power. The plot of (Fv) vs. timein
Example 1 below is actually a plot of power vs. time.

Substitution from Equation 6 into Equation 4,

2 12
w:J Fvdt= f P dt
" 1 (@)

If work is done by aforce acting on a mass to accelerate it to some velocity, the mass
now possesses some stored kinetic energy. If the masswas originally at rest, the stored energy is
equal to the net work done by the force. Although work and energy have the same units (joules),
the term work is used only to describe the energy transfer which takes place when aforce moves
through a distance. Otherwise, the term energy should be used. In a mechanical system, we can
say that the energy supplied to a system component in any period of time is the sum of all work
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done on that component in that period.

Example:

Find the total work done by force F acting on an object if the force and the velocity of
the object are as indicated by the figures below (both force and velocity are in the x direction).

F.H
10

t, sec

L, see

Solution: We have al the information needed to find work using Equation 4. The forceis
non-zero only betweent = 0 and t = 3, so thisis the range over which we must integrate' Since
we must integrate the product of F and v, we first plot this quantity:

Fv = Pover
40

, Wtz

R e e

40 and -15
are areas af triangle
and trapezeid

-l

e e T L

rr._—— t, see

According to Equation 4, work is the area under this curve. Using geometry, the net area
after 3 secondsis 25. So 25 joules of work were performed on the object. Note that some areais
negative, indicating that energy was transferred back to the driving force during the third
second. Total work doneisthe net sum of all such energy transfers.

3. Basic Trandational Elements

As mentioned above, we wish to create models of mechanical systemsin which three
properties possessed to some degree by all real system components are separately assigned to
"pure" system elements. (The term pure means that the element possesses only one of these
properties.) The properties and the symbols for the respective e ements are given in Table 1.
We will now derive relationships for each of these elementsin terms of system variables.

Mechanical System Elements
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Table 1 Elements of the Mechanical System

Property Element Name Tie Energy Symbol

m
inertance mass A Kinetic '—QI—E

k
compliance spring T potential Q000 ~
b
friction damper D transfer out ~—d
of system

3.1 Translational Mass Element
According to Newton's second law, the vector sum of external forces acting on a
body equals the rate of change of momentum of the body.

d
F=2F
dt 9)
By integrating both sides of this equation from == to t we can obtain an expression for

momentum. In the equation below, p(0) is the result of integrating from -eo to 0. Momenmm
therefore 15 an infegrated through variable .

L
P(t)= ‘[th + p(0)
0 (10)

Momentum of an object depends on its velocity according to
p=mv (11)

The proportionality factor, m, is an inherent property of the object called mass' Equation
11 isthe congtitutive relationship for mass. If m can be considered constant, the massis called an

ideal mass.
To obtain an expression relating across and through variables, substitute from Equation

11 into Equation 9:
F=m-=
dt (12)
The kinetic energy associated with a pure mass el ement can be determined by applying

Equation (8). To determine the total kinetic energy at timet, we must integrate from the time
when the kinetic energy was zero (to).
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t t vit)
= = d’—v = = L
E J-Fv dt J.I[mdt}lvdt mjvdv Emvz

We see that the tranglational mechanical energy stored in a pure massis afunction of
its velocity. Since velocity is an across variable, we classify the pure mass element as an

A-type element. Through substitutions from Equation 10, other expressions are possible
for kinetic energy stored in a pure mass.

pl

m

2

= =1 =1
E= mv'= 5 pVv =g

[

(14)

To model the mass property of a system component, we use the symbol below:

v
? m R
F > & 1§Jﬂ¢mm:

Figure 5 Symbol for Ideal Mass Element

This symboal, like others we will define, has two terminals by which it is connected to the
outside world. The through variable (in this case, force) flowsin at one terminal, through the
element, and out at the other terminal. The across variable (in this case, velocity) is the velocity
differencev2 -v |, that is, the velocity across the terminals. For the mass element, the velocity
must be measured relative to the inertial reference frame (usually the earth). Therefore this element
must alwas have one terminal connected to this frame (indicated by the shaded region above).
NOTE: Failureto observe thisrule is one of the most common errors students make! Since the
inertial frame terminal is usually considered to be at rest, (vl -0) the velocity across the massisv2.
External elements can exert forces on the mass element only at its free terminal (asindicated by
force F in the diagram). The relationship between F and v2 may be expressed in two ways:

t
= 4
v, = m_l.FdT'+ VE{D}
0
(15)
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The latter is a form we will see often in the derivation of system equations for ideal
elements. The integral limits are st 0 (o t because in many system analysis cases, we ang
interested in the behavior of a system after a disturbance which occurs at t = (0, or after an input
force is applied starting at t = 0. However, the present (time = t) velocity of a mass depends upon
the entire past history of forces exerted on it since t = -e=, The evaluanon of the integral fromt = -
oo 10 t = ), yields the velocity at t = 0, v(0), called the initial value or initial conditnon. This is often
a known quantity.

Example 2
You start (at t = 0) pushing a car of mass 1500 kg from rest, along alevel road. You are ableto

continuously exert 500 N of force on the car. Assuming frictional and other forces can be neglected (not a
good assumption in practice) sketch (a) an ideal element representing the car with itsterminal values
labeled, (b) plots of force applied, acceleration, velocity, and displacement of the car vs. time for t>0. (C)
plots of power transfer and kinetic energy of the car vs. time. How much timeisrequired to reach a
velocity of 1 m/s?

Solution:
FH
=3
Ares equal to mv(t]
- ! ! t, e
F
- a=— sl
r 333
F—so—|m %
— ! — t, sue
] ———
v, s / slope = 13
T B = t, sec
K, o 3
2

A
1 T:‘I//
[
—""'""#f‘" t see

o 1 ‘2 E] ’
Power is Fv, so the plot for power isthe v plot multiplied by 500. Energy isthe timeintegral of
Fv, so its plot will have the same parabolic shape as the plot for x but again, multiply by 500.

In Example 2, it took 3sto get the car's velocity up to a 1m/s What kind of force would be
required to reach 1 m/svelocity in Is?in 0.1s? Assuming the force is constant, Equation 15
indicates that it is the area under the force vs. time curve which isimportant’ To reach agiven
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velocity, v, from rest, the area must be equal to mv.

Force, N
Both force v3. time plods have
the same area, Therefors, both
Force, N canse the same total change in
MIOmeEnim.
1500 |, 15000 :
| sec. 00l

Assume a constant force starting at t = 0. Then to reach 1 m/sin 1swe need a force of
1500 N. Aswe reduce the time to reach a given velocity, the force required increases inversely
asthetime. To reach Im/sin 0.1s, we need aforce of 15,000 N. We can conclude that to achieve
an instantaneous change in the velocity of amass, an infinite force will be required, but only for
an infinitesimal time.

3.2 Trandlational Spring Element

When a solid material is deformed by a compressive or tensile force, it may tend to return
toitsorigina dimension when the force isremoved' This property will be isolated in our second
tranglational mechanical system pure element, the spring. Again, we consider only the
onedimensional case. Suppose aforce, F, is applied to one side of an object (drawn as a spring,
below) which has this elastic property. The other end is fixed by attachment to the reference
frame' We may assume the change in the x dimension of the object is proportional to the applied
force with k as the proportionality factor. This is the constitutive relation for the spring element.

Axk

F—s> 0----0—\4\,\,\/—§

Figure 6 Deflected Spring

F=kx (16)

Unlike the pure mass element, the spring can have both terminals in motion. Therefore
the velocity across the spring isv21 = v2 - v1 and the change in displacement between spring
terminals can be obtained from dx = v21 dt. In terms of our preferred across and through
variables,

t
F=kJ-v21 dt + F(0)
0 (17)
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. _1dF
217 l:. dt (18)

Force is athrough variable, and therefore, aforce applied to one terminal of any pure
element must instantly flow through the element to its other terminal where the forceis applied
to other connected elements' Consider a pure spring element connected to a pure mass element
asshown in Figure 7. A forceto theright, F, is applied to spring terminal 2. The mass may
exert areaction force, Fs at spring terminal 1. Isolate the spring in afree body diagram.

S S

—_— e e
F 2 % 1 - E F—>

2 k 1
Figure 7 Free Body Diagram of Spring

Since the pure spring element has no mass, an unbalanced force applied to the spring will result in
infinite acceleration, including terminal 1. But acceleration of the pure mass element connected at
terminal 1 cannot be infinite. Therefore, forces F and Fs must balance, that is F = FS' The spring
is exerting aforce on the mass equal but opposite to this reaction force. Therefore, the applied
force, F, can be pictured as "flowing" through the spring to be applied to the mass. (And then
flowing through the mass to be applied to the inertial frame.)

An expression for the energy stored in a spring element can be obtained from Equations 8
and 18. Assumethat at t = O, the spring is unstressed so that stored energy is zero. Then for t>0,

t
E= 1 g dF 4 LJ' _ 12
j .l-k dt k &gk 2k
0 0 (19)

We see that the potential mechanical energy stored in apure spring is a function of the force
flowing through the spring. Since force is athrough variable, we classify the pure spring element
asaT -typeelement. Through substitutions from Equation 16, other expressions are possible
for kinetic energy stored in a pure spring:

P .

l::u;2

N 1
B = 2 (20)

1 1
a— _12] F -
samQIeS

Att =0, anideal spring element with k = 10 N/m, has zero force applied to its
terminals. The velocity of each of its end pointsfor t > 0 is plotted below. Plot graphs of force,
power flow and stored energy vs. time for this spring.
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2 k 1 §
vl{t}d-"
l
|
0 2 4 '
vltl,'ld--
LHH#H1 I ‘
lo 2 4 &

Solution:
Obtain v2 - v1 by graphically subtracting the two velocity plots. F and E can then be
found using Equations 12 and 13:

£

Vo, ==

t Bo|= ===~
.'-'-I'Lf{'ﬂ‘i—"-’l}dt 2] S A

0 2 4 &
E
22000F - - - - - -
Em= —kF>
2 BO00F --=-nfaus
o 2 4 & :

3.3 Translational Damping Element

You are already familiar with atype of dliding friction frequently observed when two dry
solid materials slide on each other. The force exerted by one on the other in this case is often
assumed proportional to the force normal to the surfaces at the contact point and assumed to be
relatively unrelated to the velocity of the sliding. In systems of the type we will study, a more
important friction phenomenon is one which occurs when two lubricated surfaces slide together.
In this case, the lubricant's viscosity , U., and the relative velocity, v, of the two diding surfaces
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determines the force each exerts on the other. (Viscosity of afluid may be thought of as a
measure of how freely its molecules are able to slide past each other.) For two flat surfaces
dliding with alubricant between them, the force exerted by each one on the other may be

A
F=pu= v
" 21
where u is the lubricant's viscosity,
d isthe thickness of the lubricating film,
A isthe area of diding contact,
v isrelative velocity.

We will combine p, A, and d into a single factor, b, the damping constant.
F=bv (22

We will call an element which has this relation between the force flowing through it and
the velocity across its terminals a pure damping element.

Sometimes damping elements are designed to help stabilize mechanical systems. An
example is the damping component of a car's shock absorber. Without damping, every bump in
the road would produce long term bouncing of the car body. Such dampers may be constructed
as asealed cylinder containing aliquid or gas and a moving piston in which asmall hole allows
the fluid to pass from one side of the piston to the other.

v

vy
B =, 1T [
Fe—>0 + Ij:Dé—F

A L

Figure 8 Schematic of Shock Absorber

Againin this case, the force applied and the relative vel ocity v21 between the shock
absorber ends are proportional. The formula below can provide a reasonable approximation of the

force.
2
(5]
5]
d 21 (23)

where W is viscosity of the fluid contained in the cylinder
L, D, and d are dimensions as shown in the figure.

This formula can also be smplified to the form of Equation 22 (F = b v) by collecting
all constants in Equation 23 and calling this combined constant b.
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The pure damping element we will define for our analysis will represent this kind of
friction effect In most cases, b (units are kg/s) is not a constant value except over asmall range
of velocities. When b can be assumed constant, the element is referred to as an ideal damping
element.

1

=

b
T < F

Ffz
> »

Figure 9 Symbol for Damping Element

F

F=b Va1 (24)
1
V., =+F
21 b (25)

From Equation 6, power transferred to any element is the product of through variable
F and across variable, v2I. Therefore for the damping element,

P=Fv=bv2=-]13-F2

Damping elements absorb input mechanical energy and convert it to heat. We will
consider thisto be energy lost to the mechanical system Since the damping element dissipates
energy, it is designated as a D-type element. Energy is not stored in a D-type element. Total
energy dissipation over aperiod of time can be calculated from the integral of power flow to
the element.

(26)

L
E=J. P dt
4

(27)

Example 4
Theterminals of an ideal damping element of b = 2 have velocities as given for the

spring element of Example 3. Plot graphs of force, power and total energy dissipated vs. time
for this element.
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4. Choice of Variablesfor Mechanica Rotational Systems:
Torque and Angular Velocity

A rotational mechanical system is one in which the important energy storage and transfer
relations of the system elements depend on their rotational parameters, instead of trandlational
forces and velocities. For example, consider the drive shaft of arear-wheel drive car. At one end,
the shaft receives atorque from the engine. The rotating mass of the shaft stores rotational kinetic
energy. Some elastic twisting of the shaft may occur under load, thus also storing potential energy.
Friction between the shaft and bearings or between parts of the shaft connected by a clutch converts
rotational energy into heat. At one end we have torque input from the engine, and at the other,
torque is delivered to drive the wheels. We therefore have al the features of the trandational
system: energy storage, dissipation, and transmission. By choosing torque and angular velocity as
our variables, we can derive relationships analogous to those for the trandational system.

41  Torque: A Through Variable

One way to represent atorque isto picture two equal but oppositely directed (parallel)
forces, separated by some distance called the moment arm. Torque is then the product of the force
and the moment arm (newton-meters). Analogous to force of the trandational system, if atorqueis
applied at one terminal of arotational element, it "flows" through the element and is applied in
turn to the element connected at the other terminal. Therefore torque is a through variable.

4.2 Angular Velocity: An Across Variable
Energy is stored in arotational spring by causing its ends to have different angular

Mechanical System Elements 115 © T.W Moore 1992



thereby twisting the spring. Energy is stored in arotating mass as a function of the angular
velocity difference between the rotation of the mass and the reference frame. Energy is
dissipated by arotational damping element such as the clutch mentioned above if one terminal
rotates at a different angular velocity than the other. Therefore, each element we define can have
an angular velocity difference across its terminals and angular velocity is an "across' variable.

5. Basic Rotational Elements

The three rotational elements, inertance, spring, and damper, use the same symbols as
their trandlational analogs. Their constitutive mathematical relationships may be obtained by
replacing force and velocity by torque and angular velocity.

property Element Name Energy Svmbol

lﬂ: [4]

1

inertance rotationa inertance A kinetic [_' k
T—> ?ﬂm—; «— T

compliance rotational spring T potential

5.1 Rotational Mass Element
Newton's second law applied to arotating massis

dt (28)

where T istorque (N-m) and h is angular momentum (kg-m/s). (Torque and angular
momentum are vectors whose direction is determined by the right-hand rule.) To obtain an
expression for angular momentum, integrate both sides of Equation 28

t
h=det + h(0)
.

(29)
Therefore, as was linear momentum, h is an integrated through variable. Angular
momentum is related o angular velocity, @, by
h=1w (30)
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where the proportionality factor, 1, is called the moment of inertia of the rotating object.
Thisisthe constitutive relation for rotational inertia elements. (As was the case with
tranglational mass elements, angular velocity must be measured with respect to the inertial
reference frame.) Moment of inertiais afunction of the distribution of the mass of the rotating
object with respect to the axis of rotation:

I=J.r2dm
(31)

wherer is the distance from the axis to mass element dm. An object whose massis
distributed far from the rotational axis (e.g. a bicycle whedl), has alarger moment of inertia than
an object of the same mass, but with the mass distributed close to the axis. Combination of
Equations 28 and 30 yields

t
T=Igt@ m=—%—J'Tdt+co(O)
0

(32)

Kinetic energy associated with a rotating mass element can be obtained by application of
Equation (7). Since power transfer is the product of the across and through variables,

P = (across)(through) = Te (33)
Then,
t t axt)
E=J-det=J. I%mdt =j Imdf.u:;—lm"'
ty T 0 (34)

where t; is a ume when angular velocity is zero.
Therefore, the rotational massis an A-type element.

The symbol and coefficient used for the rotational spring element are the same as those
used for the ranslational spring:

w, @)
e
T-—-—}WT «—— T

Figure 10 Symbol for Rotational Spring Element
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The consgtitutive relation for the rotational springis similar to that of the trandational
element with force and linear displacement replaced by torque and angular displacement:

T=ky (35)
Since 8., is the time integral of w,,
1 dT
1%k
J dt + T(0)
0 (36)
Since power is P = (across)(through),
t Tit)
E= _[der - _[ Lrdly - deT asz
& % 37)

Therefore, therotationa springisaT -type element. Other forms of the expression for
energy can be obtained from the constitutive relation for a spring element, Equation 35.

1~ _1 _1l.qa%
E EkT’_EaMT_EkeH o

5.3 Rotational Damping Element

Analogous to the transiational case, €l e@ments rotating at different angular velocities and
connected by alubricated interface may exert mutual torques which may be assumed
proportional to the relative angular velocitiesif the elements.

T=|:H.IJ21

oy = T/b (39)

The symbal of a pure rotadonal damping element 15 the same as that of the ranslatdonal
clement:

w, @y
| b
71
T i-; _,'_I :i T

Figure 11 Symbol for Rotational Damping Element
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An expression for power dissipation of the rotational damper can be obtained from
the (across)(through) relation:

P=Tw = be? = T4 (40)

6.0 Sources

To this point we have defined what might be called "passive”" elements. Passive because
mass, spring, damping elements produce no mechanical energy by themselves 'They can only
receive energy transferred from other elements and then store, retum, or dissipate it. To model
mechanical systems, we need an additional type of element which can be used to model the
driving forces of the system. Such "active" elements are called source elements.

A source element is a one-port element which is capable of supplying unlimited energy to
asystem. An ideal source is a source which maintains a prescribed output under any loading
conditions. An 7ndependent source is one in which the prescribed output is not a function of any
other system variable. Sources may either deliver or absorb power. The power associated with a
source is the product of its across and through variables (as is the case with any element).

6.1 A-type source

21

Figure 12 Symbol for Ideal Translational Velocity Source

An A-type ideal mechanical source maintains a prescribed value of velocity difference
(either linear or angular, v21 in the above diagram) between its terminals, regardless of other
elements connected there. For example, a rotating motor whose speed of rotation is not affected by
loading (not attainable with real motors), maintains afixed angular velocity difference between its
output shaft and the reference frame. Therefore, it could be modeled by an ideal velocity
source.

b N

P

Figure 13 Motor-Fan System. represented by Ideal Velocity Source and Ideal
Damping Element
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The specified velocity value of an A-type ideal mechanica sourceisthe velocity difference
between its terminals. 'Ibis may be specified by referring to numbered terminals (e.g. v21 =-3
means that the velocity at terminal 2 minus the velocity at terminal 1 equals -3), or by using
+/signs to indicate that the velocity difference specified isthat of the + terminal minus that of the
terminal.

-3 mys

1

Figure 14 Equivalent Representations of a 3m/s Velocity Source

6.2 T-type source

Figure 15 Symbol of Ideal Through Source

Anidea T -type source maintains a prescribed value of the system through variable,
regardless of other elements connected at its terminals. The direction of the flow of the through
variableisindicated by an arrow on the source. In amechanical system, a device which can
continuously apply a constant force to an object, regardiess of the velocity the object attains can be
modeled by anideal T -type source.

7.0 Inter connection of sour ces and passive elements

The availability of source elementsin our system models allows us to "close the loop"
between the system and its reference frame. Note that both A-type and T -type sources affect two
nodes of the system. A-type sources hold two points at a fixed velocity difference. T -type sources
remove a prescribed quantity of the through variable from one system node, and deliver the same
amount of through variable at another system node. All passive elements and sources we have
discussed are 2-terminal elements (sometimes called one-ports). We assume their mechanical
property islumped between the terminals. The terminals are the only places where we can observe
velocity or force associated with the element’ The velocity associated with each element isthe
velocity difference between its terminals. The force acting on each element is the force which flows
in one terminal and out the other. The solution of a system's behavior involves choosing the
correct set of lumped model elements, connecting their terminals according to the form of the
system, writing equations based on the interconnection, and solving these equations.
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7.1 Construction of theideal element model.

The system equations are much more easily written for the lumped element model than for the
actual system. Therefore, the first step in the solution is to determine the elements and their
interconnection. The best procedure isfirst to determine how many separate velocities exist in the
system. The velocities are the nodes of the system.

1. Label the velocities of the system and for each velocity draw a node on your diagram
2. Connect the ideal €lements representing the properties of each system component
between the two nodes which represent the velocities of itsterminals.

(In the case of masg/inertia elements, one node must always be connected to the reference
frame because kinetic energy must be based on afixed reference velocity)

Example:
Y ou are again pushing the car along alevel road. Thistime, we assume the car has

mass, m, and that there is friction which can be modeled as viscous friction of coefficient b
which your pushing must work against. Draw the lumped, ideal element model of this system.

Solution:
F—

Following the rules set above, we first determine how many separate velocities there arein
this system. The answer is one, the velocity of the car (v), which is also the velocity of oneif your
terminals, your hands (assuming they stay in contact with the car). Therefore, we begin by
drawing two nodes, one labeled v and the other the zero velocity node, the ground. Next, we
connect all elements indicated by the system between the nodes we have drawn. Any mass
element must always have one terminal at reference velocity. The other mass element terminal is
the mass velocity, v. The effect of the viscous friction of the system is proportional to the velocity
of the car (with respect to the ground) and so this element also gets connected between these two
velocities. Finally, your push is represented by a T -type source. One terminal of this force source
clearly goes to the terminal of the mass, v. The other terminal of the force source connects to the
ground because this node represents the velocity of your other terminal (your feet, connected to the
ground) as you push.

L

F lh i

An eguation can now be written based on thid diagram. We see that velocity v is across
both the ideal mass element and the ideal damping element. According to the force-velocity
relations for these elements (Equations 15 and 22), the damping element must be receving a
force equal to F = vb, and the massis receiving aforce equal to m dv/dt. Since these forces
originate (flow) from the source F, we can write
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F=m‘j1 + bv
dt

Example:
A force, F, isapplied to amass, m, sliding in a channel with total viscous damping, b,

and constrained by a spring of spring constant k, as shown. Draw the lumped equivalent

diagram of this system.
F __,w
Y kv

Again, thereisonly one velocity, that of the mass. Therefore, we sketch one node plus the
reference node. Label the node with its velocity, v. The massis connected from v to reference
according to the rule stated above. The spring clearly has one terminal at v velocity (connected to
the mass), and the other at zero velocity (connected to the frame). The damping element isthe
friction between the dliding mass (velocity v) and the frame (velocity zero). So all three passive
elements go between the same two nodes. The input is aforce applied to the mass (velocity v), so
we need a T -type source also connected between the v node and reference. The diagram is:

v(t)

|
Fom k
|

Total force F is divided among the elements according to their

1

F=m'|{‘-"[1+ bv +kj v dt

= i

Example: The dider system is changed so that the sliding mass, m, is connected by a spring to
an ideal velocity driver, delivering velocity vs. Again the total damping between the mass and
the frameis represented as b. Draw the ideal lumped element diagram for this system.

Vg —e ey M b

_"WW{

This time there are two velocities. The mass velocity, vm, is not the same as the vel ocity
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vs, driven by the velocity source. We start the diagram by entering these two velocity nodes plus
the reference node. Label one vs and the other vm The mass element (which always connects to

ground) must go between vm and reference. The friction is between the mass and the reference
frame, so the damping element is also connected between the mass velocity and the frame
velocity. The spring has one of its terminals moving at the mass velocity and the other moving at
the forcing velocity so it is connected between vm and vs. Finally, the velocity source is connected
from vsto ground.

"il"s ‘I;Fm
k ]
Vs (t) m 1:II::J

For systems with more than one node or loop, formulation of equations is more difficult.
Methods for obtaining equations for systems such as the one above, or of any complexity, will
be presented in Chapter 7.

Summary of rulesfor constructing the ideal e ement model for mechanica systems:

1. Determine how many separate velocities exist in the system. (Count each
mass/inertia component, plus any moving connection points where no
mass/inertia element is connected)

2. For each velocity, draw one labeled velocity node. Add a reference node'

3. Connect an ideal mass/inertia e ement between each of the mass/inertia
velocity nodes of step 2 and the reference node.

4. Connect each ideal spring element between the nodes whose vel ocities represent its
end point velocities.

5. Connect each ideal damper element between the nodes whose vel ocity
differenceis causing the frictional force.

6. Connect ideal source elements from the reference node to each node receiving an
independent force (torque) or velocity input. Assume a positive direction for
motion or rotation and set the polarity or direction of each source
consistently.
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Problems Chapter 2

1. Identify each of the following as "across" or "through" type variables:
(a) trandational velocity (b) torque
(c) force (d) angular velocity

2. Use the condtitutive relationship for each ideal element listed below to derive the relationship
between its force and velocity.

(a) ideal trandational spring element.

(b) ideal trandational damper element

(c) ideal trandational mass element.

3. Use the results of Problem 2 to derive the equivalent k value of two ideal springs connected in
(a) series
(b) parallel.
(c) repeat the above for two ideal damping elements.

4' Draw an ideal element diagram of each system pictured below. Include source elements

(a (b)
|—".F'
k
F ml LS m;
Eiizazx = 1 bz—rm:::l::l::i
it

5. For the each diagram of Problem 4, what is the order of the svsem?

6. The torque T(t), shown in the figure below, is in units of n-m. It is applied separately to each
rotational element listed. Sketch the angular velocity, @, of each as a function of time for

(a) an ideal rotational damper with b=2,

(b} an ideal rotational spring with k = 2,

(c) an ideal rotational mass with [ =2,

| OO

0

(d) For each element, find the owe associated with the element at t = 0.5 second.
Isthe flow of power into or out of the element at t = 0.5?
(e) What energy isstored in each element at t = 3?
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7. The system below isamodel of an ultrasonic transducer. A motor, represented as a velocity
source Vv(t), drives mass ml. Mass m2 is supported by three springs, two of which (each k2) go to
the reference frame, and the other (k1) connects to mass ml. bl represents the entire viscous
friction effect between masses ml and m2. b2 represents the entire viscous friction effect

between mass m2 and the reference frame' Motion is possible only in the vertical direction.
Draw adiagram of this system using ideal elements.

Mo 200,

k, %
NN
\ml\ A\
DO R,
vt)(n) \
A TN
8. Mass m2 is pushed by force F(t) so that it slides into a cup of mass ml, compressing a spring
of spring constant, k2. The viscous friction between m2 and the cup has coefficient b. The cup

is spring mounted (spring constant k1) to the reference frame. Sketch an equivalent ideal
element diagram for this trandational mechanical system.

s
k

[

ﬁ
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9. In the mechanical trandational system shown below, the left end of spring k1 isforced to
move at a prescribed velocity, v(t). The other end of this spring is attached to mass m which
slides with viscous friction (coefficient b) on the reference frame. The massis also constrained

by spring k2. Sketch a diagram of this system using ideal mass, spring, damper, and source
elements.

w(t)
r ky k,

— TN e

10. The system below consists of a flexible shaft connected to a rotating flywheel. Assume the
shaft can be modeled as an ideal rotational spring of k=4 n-myr, and that the flywheel is an ideal

rotational inertance of I=2 n-m-s2. Sketch a model of this system using ideal elements.

T
—_—) Flywheel
I1=2

Flexidle shaft L )|
k=4 d

11.  For t.hc rotational mechanical system shown below, obtain a differential equation relating
rotational velocities Q5 and Q;. (Arrange with all Q; terms on one side of the equation,

and all Qz terms on the other.)

T Q,
LYY\
K
Ma, _J,_l BE.L

12. Sketch an ideal element model for each of the systems below:
(a) Force F pushes a sled which slides over the ground with viscous friction b2. The
mass of the sled ism2. On the sled is a box of mass ml, held in place by two springs as

shown. Viscous friction between the box and thedledisb l.
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(b) In the transmission system below the input is angular velocity, wi from a motor
connected to the left end of flexible shaft k1 This drives heavy clutch plate I, which
turns the other plate 12 because of the viscous friction b1 between the plates Flexible
drive shaft k2 then transmits the torque to the load, flywheel 13- 13 rides on bearings
which introduce viscous friction b2.

w, k kz
m—: L =1, L

>
by

13. Each mechanical translational system pictured below consists of a mass (which slides without
friction), and a damping element. Force F is applied to each system as shown. For each case: (a)
Sketch a system diagram using ideal lumped system elements and sources. (b) Obtain an
equation which relates force F to velocity v.

I'_”" b

F— o m |~

=

W
b
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Systems Chapter 3 Study Guide

Electrical System Elements

A. Concepts Addressed By This Topic
1. Voltage, current, power, energy in electric systems.
2. Ideal electrical system elements: inductor,
capacitor, resistor, Sources.
3. Modeling of real electrical system elements.

B. Introduction

As was the case with mechanical systems, the analysis of an electric system is made
simpler if its components are replaced by "pure" elements. In electric systems, the energy
storage devices are the inductor and capacitor, the energy dissipative deviceistheresistor. As
you study these devices, try to note the similarities to the mechanical elementsjust studied, in
their defining equations and in their energy handling properties.

Most real electric components possess more than one of the ideal properties. Again,
one task in the analysis process is to determine which properties are important enough to be
represented by ideal elementsin the equivalent circuit diagram.

C. Instructional Objectives

A student who masters this material will be able to

1. Identify "across" and "through” electrical system variables.

2. Write the constitutive relationships for pure inductance, capacitance, and

resistance.

3. Write from memory the symbols and the elemental relationships between voltage
and current for ideal inductor, capacitor, and resistor elements.

4. Use the elemental relationships to determine the response of an ideal electric element
to an applied voltage or current.

5. Given voltages and/or currents, calculate work, power, and energy associated with
ideal inductor, capacitor, and resistor elements of alinear electrical system.

6. Replace agiven rea eectrical system element by the appropriate ideal

element(s).

D. Study Procedure

Read Chapter 3 of these notes.

Review Sections 1.0 -1.4 of Principles of Electrical Engineering by Peebles and Giuma,
McGraw-Hill, 1991 (MSFE |11 text).
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E4 Systems
Chapter 3
Electrical System Elements

Energy supplied to an electrical system can be accounted for by considering four
possibilities’ Within the system, the energy may go into storage in an electric field, it may go
into storage in amagnetic field, or it may be converted from electrical energy to heat energy. It
may also be output from the system to some "load". As was the case with mechanical systems,
we will separate these internal energy deposits into three "pure" eectric elements. To define
these elements and the across-through relationship for each, we must first review our
understanding of certain electric circuit quantities and definitions.

1.1 Current: A Through Variable
Charge is a property possessed by certain particles whereby they can exert forces on

each other from adistance. There are two kinds of charge, designated by + (charge type of a
proton) and -(charge type of an electron). particles of like charge repel each other, particles of
unlike charge attract each other. If amaterial contains charged particles which are relatively
free to move (e.g. ionsin asolution, electronsin ametal), aflow of these particles (a current)
can be produced through the material by creating a charge imbalance at one region in the
material and the opposite imbalance at another region. Mobile chargesin the material will then
move to try to reduce the imbalance. An external source of charge may be used to maintain the
imbalance by replacing charges which migrate away from one region and by removing charges
which arrive at the other region’ In this case, a steady flow of current can be maintained. Since
equal current flows at both terminals, we see that current is athrough variable.

IMaterial conteining mobile charges of both types

o w
Bource of X [ a“' Bowee of
exzess + chargy i K =+ o | tomess - charge
) J @ l
A

¥ Drirection of cozwentinnal current
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Current can be aflow of positive charge, negative charge, or both. By convention, the
direction of the current flow istaken as the direction of the flow of positive charges. Negative
charge flowing in the opposite direction adds to this current' 'The MK S unit of chargeisthe
coulomb, and the symbol for charge is g. Current is measured in coulombs per second or
amperes. The symbol for current isi. 'The internationally accepted definition of current and
charge is based on the force exerted between parallel current-carrying conductors:

Definition: A current of | ampere flowing in each of two parallel wires separated by one meter
causes a (repelling) force of 21077 N/m along the wire

Figure 1 Repulsive force between parallel wires carrying same direction current

An easier definition for our purposes is to define one coulomb as the charge total of 6.24 * 1018
electrons (or protons). Therefore, in a copper wire, where the primary carrier of current is the

electron, a current of 1 amp means that 6.24 * 1018 electrons per second are passing a given point
in the wire.

44— amp

convenional corrent

e E—--"@

Figure 2 One ampere flowing in a metallic conductor
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(Because of the tremendous density of free electronsin a material like copper, the
actual average velocity of a given electron is on the order of 0.1 mm/s.)

1.2 Voltage: An AcrossVariable
Consider a positive charge, Q, fixed at a point in space as shown in Figure 3. A
test charge, g, isto be moved from point 1 to point 2.

Q

O
$v

Figure 3 Test charge, g, moved closer to fixed charge, Q

By Coulomb’s law, Q exerts a force on q proportional to Qq/r2, where r is the distance
between the charges. We must apply an equal but opposite force on g to cause it to move closer

to Q. Therefore work will be done (force times distance) in moving q from position 1 to position
2 in Figure 3. If qisdoubled, the force, and therefore the work is doubled. Suppose it requires W
joules of work to move g from position 1 to position 2. Then, to move any other charge between
these positions would require W/q joules/coulomb. This unit Joules per coulomb) is called the
volt. It isameasure of electric potential energy between two locations. The position for which a
positive charge has higher energy (position 2, above) is said to be at a higher voltage than other
positions. Voltage is aways expressed as a voltage difference between two points. Voltage is
therefore an across variable.

2. Work - Power - Energy
We have seen that the work done in moving a charge g from point 1 to point 2 isqv21
joules (v21 is the voltage difference between points 2 and 1, that is, v2 - v |). Power, the rate at
which work is done is then

P=ﬂ=vd—q—=vi waltts
dt dt (1)

Therefore, as was the case with mechanical systems, power is the product of the across and
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through variables.
Energy stored or dissipated in an electric system may be found from the integral of power.

E=JPdt =Jvidt joules
@)

Suppose your car's 12 volt battery is used to light a headlamp as shown in Figure 4:

High potential energy
ey +
L Cument flow .

Charges gain energy from Dattery T —= l Charges give energy to lamp

I

Low potential energy

Figure 4 12 volt car battery supplying current to a headlamp

The lamp draws 2 amps of current. The 12 volt battery (through a chemical reaction) gives 12
joules of energy to to each coulomb of charge passing through it. For conventional current this
means that + charges enter the bottom terminal at alow potential energy, are raised 12 volts by
the battery, and flow out the + terminal with 12 joules per coulomb higher potential energy. 12
joules/coulomb = 12 volts. The power output of the battery (all of which we may assumeis
consumed by the lamp) is (across) times (through). For electric systems thisis voltage times
current. The lamp extracts (and convertsto heat and light) 12 joules of energy from each
coulomb passing through it. Since energy is being taken from the charges, they now enter at the
higher potential (+) and exit at the lower potentia (-). This must always be the case for an
energy dissipative element.

p=?i=12_JE‘EE$__ +« o coulombs _ 24":"‘11':5

coulomb second second = 24 waits

3 Basic Electric Elements

3.1 Capacitor

Consider a battery connected to two long wires as shown in Figure 5' When the
switches close, the battery transfers charge to the wires. At some point, the reverse electrostatic
force of unbalanced charge on the wires equals the ability of the battery to move more charges
onto the wires, and an equilibrium condition results.
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Figure 5 Battery connected to parallel wires.
The amount of charge transferred is determined in part by the voltage of the battery and in
part by the structure of the system. An arrangement of two conductors (in the case the two wires)
separated by an insulator is called a capacitor. The constitutive relationship of a capacitor is

q=Cv )

where qisthe charge in coulombs on each conductor v
is the voltage difference between the conductors
Cisaproportionality factor called capacitance

The units of C, the capacitance, are coulombs/volt given the name farads. Capacitanceis
afunction of the geometry of the arrangement of the conductors and the insulating material
between the conductors. If the wires are brought closer together, the excess negative charge on
one wire partially cancels the repelling effect of the excess positive charge on the other wire,
thus allowing additional chargesto be forced onto the conductors by the battery:

+ + + + + %

oo e e e e e e o o
+J_-_ Battery tries to pump + charge LEl _________
ST | trom lower wire te wpper wine, o .
T Preadmity of opposite sign charge

reduces forees the Baltery must overcome.

Figure 6 Closer conductors can store more charge

Similarly, if the conductors are metal plates of large areainstead of wires, more charge
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be stored at the same charge density. Therefore, for rectangular plates, we should
expect capacitance to vary directly with plate area, but inverdy with plate separation.

C=¢ A/d
(4)
where A isplate area
dis plate separation
€ is the permittivity of the material between the conductors
The symbol for pure capacitance element is given in Figure
i
2 . i : vy
C
Figure 7 Capacitor Symbol
From g=Cv and i = dg/dt, we have
dv 21
1= —==
dt 6)
where v21 meansVv2 - v 1, the voltage across the
t t
- =L
vil_c_[ —ledt+vfﬂ]
= 0 (6)

Since qisthetimeintegral of i, it is called the zntegrated throngh variable.

Since work is done by the battery in forcing charges onto the capacitor plates, a
charged capacitor must contain stored energy. The power flow during charging of the
capacitor is (across)(through) = v i. Energy stored is the integral of this power, so
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i t w(t)
E=Iuidt =JvC-%:ld[ =CJvdv =%Cv2
b by 0 (7)

where it is assumed that the capacitor was uncharged at t=tO.

We see that a capacitor is an A-type energy storage element because its stored energy is
determined by the value of the across variable, voltage. Other formulas for stored energy may be
obtained from Equation 3:

qE

_1 _ 1., -19
E=3Cv' =5qv =5 @
3.2 Inductor

If amagnetic needleis brought close to awire carrying an electric current, aforce of
alignment is exerted on the needle. If we place the needle at various positions and observe the
direction of forced alignment, we find the needle turns to a position tangent to acircle
centered at the wire, in aplane perpendicular to the wire.

To explain this phenomenon, we say that the current sets up amagnetic field in the
vicinity of the wire. We visualize the field as directed lines, called lines of magnetic flux. These
lines encircle the current according to the right hand rule.

{"“ magnetzed needle

{lm—i\'m )

2 \_I/I 1

Figure 8 Lines of Magnetic Flux Caused by a Current

The lines of magnetic flux have importance beyond the alignment of a magnetized
needle. It has been observed that any change in the magnetic flux linking awire such as the one
pictured in Figure 8, causes a voltage difference to appear (we say the voltage is "induced")
across the ends of the wire. The statement of this phenomenon is known as Faraday's Law.

= di
21 dt 9)
Where v, is the voltage difference between points 2 and 1 of the figure, and A is the flux

v
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linkage associated with the wire segment. Flux linkage is the measure of the total encirclements
of the conductor by flux lines. In the simple case pictured, flux linkageis 3 (3 lines, each
encircling the wire once). Since the flux is produced by the current i, flowing in the wire, flux
linkage is proportional to this current

A=Li (10)

The proportionality constant, L, is called inductance. EQuation 10 is the constitutive
equation for inductance. The unit of inductance, flux linkage per unit current, is called the henry.
L can beincreased by a change in geometry. Suppose the wire iswound as a coil (helix) as
shown. The same current will still produce the same 3 flux lines but now, each line links the

5o A has been increased to 6.

\
g

Figure 9 Flux lines of a coil

Inductance has now been doubled since L= AA.
If we substitute from Equation (10) into Equation (9) we get equations relating current and
voltage for a pure inductance.

(11)
SinceLi=3,
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t
l=jvm
. (12

=iy

X isthe integrated across variable.
Equations 11 relate the across and through variables of a pure inductance. The symbol for
pure inductance is given below.

_i

v v

2 1

00—
L

Figure 10 Inductor Symbol

Note from the differential form of Equation 11, that if steady (constant) current flows
in the inductor, the voltage across the terminalsis zero. Only when the current is changing is
avoltage difference induced.

Suppose an inductor's current has been increased from zero to some value, i. During the
time the current was changing, a voltage must have appeared across the inductor. Since power is
the product of voltage and current, we can determine the total energy stored in the magnetic field
of the inductor by integrating the power flow over thistime.

t t t ilt)
i g 2
E=de1: = jvidt = J.Lﬂ?]u'h = ledl = %Ll
' 2 o 0
Since the energy stored in an inductor is afunction of current, athrough variable,

the inductor is a T-type energy storage element.

(13)

By substirution from the constitutive relation, A = Li, energy stored in the magnetic field of
an inductor can be expressed in other forms:

2

E=LlpLi = ﬁ.i=~;—

o

L L
2 2
3.3 Resistor

When current flows through any material, the material is heated due to inelastic
collisions.. of the moving charged particles with the structure of the material. Joule'slaw
(determined experimentally) states that the rate at which electric energy is converted to heat is

proportional to the square of the current
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P=Ri (15)

the proportionality constant, R, is called the resistance of the material. But power is
also equal to vi, so

v=R1 and 1== v

R (16)

Thisequation is, of course, known as Ohm's Law, and is the constitutive relation for
aresistor. The symbol for aresistor is given below:

v&—-—-ﬂ\,‘mﬁv——-——a

i 1

Figure 11 Resistor Symbol

The units of resistance, volis/amp or kg m? 571 cnul'i. are defined as phms for which the
symbal £2 is used. Iris sometimes convenient to use the reciprocal of resistance, called
conductance. Its symbal 15 G (G=1/R). The unit of conductance (1/ohms) is popularly known as

the mho, but the correct MKS svystem unit is siemens. abbreviated 5.
For acylindrical conductor, resistance is proportional to the length of the cylinder,

and invergly proportional to its cross sectional area.

cross section
A 7 0

L N
K L A

Figure 12 For acylindrical conductor, resistance is directly proportional to L, inversly
proportional to A.

pL
A (17)
Where p is the resisrivity of the material. Resistivity is a function of the density of available free
charges in the material, their mobility, the temperature, and other factors. p has the dimension
ohm-meter. Valees of p for common electric substances can be found in many handbooks.
Sometimes it is more convenient to use conductivity, &, which is the reciprocal of resistivity. The
units are mho/meter or siemens/meter.
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==
I (18)

4.0 Electric Source Elements
We repeat the following definitions of sources given in Chapter 2: A source element isa
one-port element which is capable of supplying unlimited energy to a system. Anideal sourceis
one which maintains a prescribed output under any loading conditions. An zudependent source is one
in which the prescribed output is not afunction of any other system variable. Sources may either
deliver or absorb power. The power associated with a source is the product of its across and
through variables (asis the case with any element).
4.1 A-type €electric source: Voltage Source
Anideal voltage source is able to supply any current required to maintain its voltage at the
specified value. Consider a 12 volt, ideal, constant source. If we put a 2-ohm resistor across this
source, then by Ohm's Law, it will supply 6 amps of current (and 72 watts of power). If we replace
the 2 ohm resistor with a 0.2 ohm resistor, the source must deliver 60 amps of current to keep its
voltage at 12. It now is delivering 720 watts. An ideal voltage source can adjust to any load without
changing its terminal voltage. For real voltage sources, changing the load will usually affect the
output voltage. For example, when used to start a car, the 12 volt battery output may fall below 10
volts because of internal losses. This can be modeled as an ideal sourcein series with aresistor
representing the internal resistance of the battery as shown in Figure 13,

R
i *
t.r(:j-y Y minl v ( ij ¥ tmiaal

ideal voltage source model of real voltage source
Figure 13 Ideal voltage source (left); model of real voltage source (right)

The symbol for an ideal voltage source is the same as the A-type source of mechanical
systems. The use of + - signs to indicate the sense of the assigned voltage value is preferred to
the Vab designation.

4.2 T-type electric source: Current Source

Anideal current sourceis able to supply any voltage required to maintain its prescribed
current value, regardless of loading elements connected at its terminals. While most common
electrical power sources (batteries, generators) are closer to ideal voltage sources than ideal current
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sources, there are devices (for example, transistors) which can behave like idea current sources.
Also, it is possible to replace an ideal voltage source and its series resistor with an ideal current
source and a parallél resistor as shown in Figure 14. This source transformation between A-type
and T-type sources applies to all system types. Note that the symbol for an ideal current source
isthe same asthat of the T-type source of mechanical systems.

Figure 14. Transformation between source types

4.3 Equivalence of Voltage and Current Source Cir cuits.

In Figure 15, the same load resistor value, RL, is applied to two real (not ideal) source
models which have been constructed to be equivalent according to Figure 14. (The circuits
within the dotted lines are models of real sources.) The resulting load voltages and currents
delivered to rL by each source are shown. The question is, doesvl=v2,andil=i2 ?

—

+

vigP.L

s

R
U DRI N W N R e

R LR

Figure 15 Source transformation preserves voltage and current to load

From Figure 15, we see that vi

=V -ilR

V2=(1-i2) R=IR-i2R
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Comparing these equations term by term, we see that if il isto equal i2 and v1 isto equal v2,

then the value of the voltage source, V, must equal the value of the current source, I, timesR as
specified in Figure 14. So either source model may be replaced by the other without affecting the
rest of the system. Thisis often useful in simplifying a circuit before solution. An ideal voltage
source in serieswith aresistor is equivalent to an ideal current sourcein parallel with aresistor if
theresistors are equal (to R) and if V = IR.

Example: Solve for the current in the 20 resistor of the circuit on the left:

Im?
—

rE At S rr ey

B EEEE RS E L

Solution: Convert the 3A current source and its parallel 402 resistor to a 12V, &) series
combination as shown on the right. The resulting circuit is now a single loop and easier to solve.
The current is (12-8)V/(4+2)02, or 2/3A.
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Chapter 3 Problems

1. (a) Starting with the constitutive relationship for an ideal capacitance (relating charge
and voltage), derive the elemental relationship (relating current and voltage).
(b) Repeat part () for an ideal inductance (the constitutive relationship relates flux linkage
and current.)
(c) For both inductor and capacitor, use the fact that the product of the across and through
variables gives power to obtain stored energy (as afunction of current for the inductor
and voltage for the capacitor).

2. The voltage shown in the figure on the next page is applied to each ideal electric element
listed below. Find and sketch the current, i(t) vs.time for

{a) an ideal indoctance with L = 2ZH.
(b) an ideal capacitance with C=2F.
{c) an ideal resistance with R =203,

v(t)

E- ___________

PRI |

‘0

3. For each element of problem 2, find the power associated with the element at t=0.5 second.
Isthe flow of power into or out of the element at t = 0.5? What energy is stored in each
elementatt = 3?

4, Anideal 1 uF {ICI'E' farad) parallel plate capacitor is charged to 10 volts, then disconnected from

the charging source.
(a) What charge difference is now on the capacitor plates? (b) What energy is stored

in the capacitor? (c) If one plate is now moved so that the distance between the plates
is halved, what will now be the capacitance, charge, voltage, and energy? (d) If the
energy values are different in parts (b) and (c), account for this.
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5. Using elemental relationships and Kirchhoff's laws, derive the formulas for the equivalent

resistance, inductance, and capacitance obtained when two ideal elements (R1 and R2, L1
and L2, C1 and C2) are connected (@) in series, and (b) in parallel.

6. The circuits shown below are known as (a) a voltage divider and (b) a current divider because, in
each case, the output quantity (subscript 0) is afraction of the input quantity (subscript i).
The fraction is determined by the resistors. For each case, derive the expression for this
fraction in terms of R1 and R2.

ORET SRTGRA I

(a) | (b)

7. Use source transformations and resistor combinations to reduce the circuit below to asingle
loop. Solve the loop for the current i, flowing through the bottom wire. (Ans. 1A)

94 CD %151‘1 3[];'1% 44
] —
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Systems Chapter 4 Study Guide

Fluid and Ther mal System Elements

A. Concepts Addressed By This Topic
1. Fluid Pressure, Flow rate, Energy of fluid systems
2. Purefluid system elements capacitance, inertance, resistance, sources
3. Thermal Temperature, Heat Flow, Energy
4. Pure Thermal Elements
capacitance, resistance, sources

B. Introduction

Fluid systems can be analyzed using many of the same concepts which we have applied to
mechanical and electrical systems. 'The basic across and through variables of fluid systems are
pressure (force per unit area) and flow rate (volume per unit time). Fluid systems can store energy in
reservoirs (potential energy), in which the stored energy is afunction of the volume of fluid stored, or
in amoving fluid (kinetic) in which the energy isafunction of the flow rate. If fluid flowsin a
narrow tube or through material which impedes its progress, energy is dissipated from the system.
Thisis an example of afluid resistance element. The formulas relating pressure and flow for these
elements are analogous to those we have seen for the corresponding elements of mechanical and
electrical systems.

Thermal systems do not fit our pattern as exactly as the previous systems we have studied. In
thermal systems, heat flow and temperature are the through and across variables. Since heat isaform
of energy, the rules for energy calculation are different. Heat can be stored and therefore we can
define athermal capacitance element. However, there is no known phenomenon involving heat which
suggests athermal inductance element. Nevertheless, the use of systems methods to solve problems
involving heat flow and storage is common in many fields of engineering.

C. Instructiona Objectives
A student who masters this material will beableto
1. Identify "across" and "through” fluid and thermal system variables.
2. Write from memory the constitutive relationships for pure fluid inductance, capacitance, and
resistance.
3. Write from memory the symbols and the elemental relationships between pressure and flow
rate for ideal fluid inertance, capacitance, and resistance el ements.
4. Use the elemental relationships to determine the response of a pure fluid system element to
an applied pressure or flow.
5. Given pressures and/or flows, calculate work, power, and energy associated with ideal fluid
elements.
6. Determine the fluid transformer ratio of a given real fluid transformer and use it to find the
transfer of flow, pressure, etc.
7. Model agiven real fluid system with ideal elements
8. Write from memory the relationships between temperature difference and heat flow for ideal
thermal capacitance and resistance elements.

D. Study Procedure
Read Chapter 4 of these
notes.
Additional material on fluid and thermal systems can be found in references 3, 6, and 7,
aswell asin Fundamentals of Physics, Halliday and Resnick, Third Edition, Chapters 16 and 20.
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E4 Systems
Chapter 4
Fluid and Thermal System Elements

A. Concepts Addressed By This Chapter

In the previous development of mechanical and electrical system models, we chose
convenient across and through variables and defined pure elements which accounted for stored
and dissipated energy in the system' We can use our experience with the previous systems to
help defme the elements of other system types. In this chapter we consider fluid and thermal
systems. For purposes of this course, our discussion of fluid systemswill be limited to hydraulic
systemsin which the medium is an incompressible liquid such as oil or water. The property of
incompressibility means that volume is conserved in all system operations. Our analysis of fluid
systems will involve calculations regarding the storage and transport of fluid volume. This
suggests asimilarity to our study of electric systems where charge was always conserved and its
transport and storage were calculated' In the case of thermal systems, heat energy is the quantity
which must be conserved. The transport and storage of hesat is the basis of our thermal systems
calculations' Because of these similarities, we will find it convenient to define the fluid and
thermal system elements and variables by analogy with electric systems.

B. Fluid Systems

1 Flow: The Through Variable

If volume is conserved and is analogous to charge, then the flow variable should be
the time derivative of volume, that is,

Q=9¥ m
- 5
dt 1)
where () is volumerric flow rate in cubic meters per second, analogous to current which is
coulombs per second. Volumetric flow rate is a variable related to the macroscopic behavior of the
fluid. In the case of liguid flowing through a system, each molecule of the fluid may each have its
own velocity, v. Q is much easier to measure and usually is of more significance to system
operation. () is related 1o the average of all fluid element velocities. In a pipe of cross section A
where the average velocity in the axial direction of all fluid particles over the cross sectionis i

then =V A '::2-:'

2. Pressure: The Across Variable
Consider afluid surface acted upon by aforce normal to that surface. For example,
consider the fluid in contact with the face of a piston to which aforce F is applied:

Figure 1 Pressure Applied to a Fluid
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The normal force F is spread over the surface of the fluid in contact with the piston. Each
surface element, dA receives asmall part of the force, dF. The normal force divided by the surface
areais defined as pressure, P. Its MK S units are newtons per square meter.

P=dF/dA N/m2
3)

In this case, since we are assuming all dA surfaces receive the same force, pressureis
just the ratio of total forceto total area:

P=

=

(4)

3. Work - Power - Energy

Consider alarge tank of water with pressure P2 at the entrance of afeed pipe. A pistonis
used to pump additional water from the pipe of cross sectional area A, where pressureis P1. As
force is applied to the piston, the pressure at point 1 rises until it exceeds P2, at which time the
valve opens. The piston then moves dx distance against pressure P2, forcing more water into the
tank. (Assume the injection of a small amount of additional water into the tank does not change
pressure P2.) The volume of fluid moved past the valve into the tank isdV = A dx where A isthe
cross sectional area of the feed pipe.

Yalve opens if Py > Pz
closed othervise.

]

‘3| BRSF EP,

Figure 2 Fluid at point 1 given energy to move past valve to a higher pressure.
The piston force required to overcome the pressure differenceis:

F=(P2-P1)A =P21 A (5)
The work done by this force in moving the piston through distance dx is:
dW=Fdx=P21 A dx=P21 dV (6)

From Equation 6, pressure can be defined as work per unit volume:
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_ 4w 2 3
P21 v N/m“ or J/m -

That is, pressure difference can be expressed as joules per cubic meter (as well asthe more
familiar newtons per square meter). If fluid is moved from aregion where pressureis P1 to aregion
where pressure is P2, each cubic meter of the fluid received (or gave up) P2-P1 joules of
energy during the move. Note the analogy between pressure as energy per unit volume and

voltage as energy per unit charge.
Power is the time derivative of work:

Puwer=d—w- = P dv _ le Q Jfs or watts

dt 21 dr )

Once again, power isthe product of the across and through variables.

4.0  Fuid System Elements

41 Fluid Capacitance
By analogy with electric systems, fluid capacitance should be an element which can
store potential energy (avolume at a pressure). Consider atank of cross sectiona area A,

containing fluid to height H, as shown in Figure 3.

P], /,—'—-IUII!&.-A

Y=AH
H e i --v*-
o Pump
S ettt 233 --'--'-*_: ---'-'-'

Figure 3 Tank model of fluid capacitance

Pressure at P, is pgH where p is the density of the fluid and g is the acceleration of
gravity. Volume in the tmkris "'-"II= AH. Substituting for H gives
nF-S -
v-kpgjpll or "-"-EP'M ©)

Fluid capacitance, C, is defined as the constant relating pressure and volume. This is analogous to
the electric system case where C is the constant relating voltage and charge. Note that fluid
capacitance has the dimension volume/pressure which is units of m°/N or m*s?/kg. Equation 9 is
the constitutive equation for fluid capacitance.

Other physical sructures may be used 1o obtain the effect of fluid capacitance. Examples
shown in Figure 5 include a closed tank with an air space (since air is compressible), or a spring-
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loaded piston. An elastic container such as a balloon may also produce this

~Piston

Figure 5 Other forms of fluid capacitance

The symbol for fluid capacitance is the same as for electric capacitance. A fluid
capacitor must always have one terminal connected to the reference pressure node since the
pressure of the fluid within the capacitance is measured with respect to this reference.

ol
i
0

21

1

Figure 6 Symbol for fluid capacitance

SinceV = C P21, and Q = dV/dt,

_ 1
P, (0= % J' Qdt + P, (0)
0 (10)

Assume the pressure in afluid capacitance was zero at sometime, to. Then the energy stored
at any time, t, after t = to, can be obtained by integration of power flow (PQ) fromto TO t.

L |3 lel:l'}
E=|P _Qdi=|P cﬁduc P, dp, =Ll Cp’
21 - 21~ dt 2121 2 21
Ly b 0 {li:l

Since stored energy is afunction of the across variable, P21, fluid capacitanceisan A-
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Type energy storage element.

4.2 Fluid Inertance
Consider fluid flowing in a cylindrical pipe of length L and cross sectional area A,
between two pressures, P2 and Pl as shown in Figure 7.

|_(_ L -
P
F2_§ -——El'u)

Figure 7 Example of Fluid Entrance

F =ma

d
(P,-P)A = (pAL) I

| o)
hnwv=% 50 Fg‘Pl”PmE[A]E (12)

We define pLJ/A as fluid inertance, L. More generally, fluid inemance is defined as the rato
of pressure differcnce to rate of change of flow. This is analogous with vp = L di/dt for the

electric system. The equations relating pressure and flowe in a fluid inertance are given below:

dQ

Py = L'a'{
L

Q= %jpﬂdt+ Q(0)
0 (13)

The symbol for fluid inertance is the same as that for e ectric inductance. The signs of
Equations 13 apply if the directions of flow and pressure are chosen as shown in Figure 8.
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Figure 8 Symbol for Fluid Inertance

Energy storage in moving fluid is afunction of the flow rate. Assume that at some time,
to, the flow in afluid inductor was zero. Then the energy stored at any timet, after to can be
found by integrating power flow fromtotot.

t t Q®
E=[p,Qa=[1Rqa-[Losw =1L
t % 0

(14)

We see from Equation 14 that fluid inertanceis a T- type energy storage element since
the energy stored depends only on the through variableQ

In the electric system, the time integral of voltage was A, the flux linkage. In fluid

systems, the corresponding quantity is the tme integral of pressure. This quantty is known as
pressure momennun difference , T

0= [ Py d+ 1,0
(15)

To illustrate how I is related to momentum, consider a cylindrical mass of fluid with a
pressure difference, Py, across its ends. The net x directed force exerted on this mass is P31 A,

where A 15 the cross sectional area of the cylider.
' P

Figure 9 Pressure Momentum difference is the time integral of P2-P1

P:

&%

The pressure momentum difference for this fluid
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r =IP dt=l—J‘th=—1—Ap
21 21
A AP e

where Ap is the change in momentum of the total fluid mass caused by the applied forces.

From Equation 16,

o 9
2L dt (17)

Analogous to the electric case, thisindicates that a pressure difference is "induced" across
the element whenever there is a change in pressure momentum' From Equation 13,

E&L Y
dt dt (18)

which leads to the constitutive relation for fluid inertance,
Ih1=LQ (29

4.3 Fluid Resistance

Viscosity
Before deriving expressions for the D-type fluid system element, we will discussa
property of any fluid which isthe basis of fluid resistance, viscosity. Consider a small

rectangular surface element of afluid. The element has surface area A and thickness d. A force
acts on the surface at some angle:

Fluid surface
True &~ Element, Area = dA
force
» langential
/ Component, Fr
Thickness, d |
T ¥ MNormal Component, Fu

Figure 10 Components of Force on Fluid Element

We have defined the normal component of force, divided by the area, as pressure. The
tangential component of force tends to slide this surface element over its neighbor. Tangential
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force divided by the area :/A) is called "shear stress'. Ve ocity gradient is the changein x
direction velocity per unit thickness observed as we travel from the top to the bottom face (y
direction). For avery thin element it may be considered to be the velocity difference between
the top and bottom faces of the element, divided by its thickness, d. In Figure 11, the top and
bottom faces of athin element of fluid are acted upon unequally by sliding neighbor elements
so that the tangential velocities of these surfaces differ.

4‘ = Y
/ d /../_1... top face
1

bottom face

Figure 11 Velocity Gradient Across a Fluid Element is (vop - Vbottom)/d

The velocity gradient is a measure of the rate at which the element is deforming. Such deformation
is called strain. The ratio of shear stress to the resulting rate of fluid deformation is called

viscosity, L.
h= ft /A Ns
velocity gradient me

(20)

It may be easier to think of viscosity as a measure of the force required to produce a
given relative velocity between two objects in dliding contact with a lubricant between their
faces (the lubricant being the thin fluid element). Suppose a metal cube, C, is pushed at constant
velocity across a metal plate on which thereisafilm of lubricating oil:

1V = Const.
A = Area of oillcube contact

Figure 12 Block Sliding on Oil Film

We assume the upper surface of the lubricant moves with velocity C. The lower
surface remains at zero velocity, in contact with the plate. The viscosity of the lubricant
determines the velocity of the cube since

uo= F/A _ __shear stress
(vc -V ) velocity gradient
d (21)

Viscosity is ameasure of the "thickness" of the fluid. Liquids which flow slowly, such as
molasses or heavy oil have high viscosity. Fluids such as water or alcohol have lower viscosity.
In the example above, force is being applied to move the cube through a distance; therefore
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work is being expended as the cube moves at constant velocity. This energy is being dissipated
as heat in the sliding molecules of the lubricant. Viscosity is therefore a measure of frictional
effects within afluid.

When fluid is forced to flow through narrow tubes or small openings, frictional losses
cause energy to be removed from the fluid system and converted to heat. The resulting
pressure drop is related to flow rate. We define fluid resistance, R, as the proportionality
factor relating pressure to flow:

P21=RQ (22)

This equation is analogous to the Ohm's law equation of electric systems. The symbol
for fluid resistance and the assumed directions of flow and pressure are given below.

Figure 13 Symbol for Fluid Resistance

Power flow into afluid resistance element is obtained as usual from the product of
the across and through variables That is,

power dissipation = Po; Q = R{.}E = {PEI}Z.-'R watts

Since al power to afluid resistance element is dissipated as heat, afluid resistanceis a
DType element

Fluid resistance in general is not alinear, constant quantity over all flow rates. In
some cases, avalue for R can be found which works well over alimited range of flow rates.
For incompressible flow through along capillary tube, the Hagen-Poiseuille Law for laminar
flow givesR as

128uL

T d4 (23)

R =

where p is viscosity, L is
tube length, dis
inside diameter

Of course, resistance to fluid flow can be introduced in afluid system in other ways,
including porous media, baffles, and other flow restrictions. In most cases, these are
represented by a relation as simple as Equation 22 only over alimited range of flow rates.
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C. Thermal Systems

One of the forms of energy we have encountered in each of the preceding systemsis heat.
Heat is generated in the operation of almost any type of dynamic system. In the systems studied
so far, this heat was developed in the D-type elements of the system. But what becomes of the
heat after it is generated? We define thermal system elementsin order to study heat flow and
temperature distribution in materials. For example, electronic devices such as transistors or
integrated circuits develop heat as they operate. If this heat is not removed, high operating
temperatures can cause improper operation or damage the device. Automobile engines operate
best after they "warm up" to temperatures too hot to touch. Y et, as you may have experienced, if
heat is not constantly removed by the engine's cooling system, it will not operate for long. The
furnace that heats your home can operate much more inexpensively if you improve the insulation
in the walls of your house by something called an "R" factor, a measure of the ability of the
insulation to prevent heat flow from the air inside the house to the outside. Since friction and
energy lossesin the form of heat are part of virtually any system, we need a method to account
for heat generation, flow, and loss.

1. Temperature: An Across Variable

By analogy with previous system analysis methods, we know we need an across variable
and athrough variable as a basis of our thermal system analysis. The across variable for thermal
systemsistemperature, T. (Wewill usetheletter T because it is easy to remember, confusion
with torque should not be a problem.) Temperature is actually a measure of the kinetic energy of
the molecules of a substance. If amaterial of ahigh temperature (fast moving molecules) is
brought in contact with amaterial of alower temperature (slower moving molecules), molecular
collisions between the two will, in time, bring their average molecular Kinetic energies (and thus
their temperatures) to equal values. Temperature is measured on an arbitrary scale based on the
properties of water' Degrees kelvin, Celsius or Fahrenheit are non-dimensional units.

2. Heat Flow: A Through Variable

Heat isaform of energy. However, heat is often expressed in units of calories instead of
the preferred energy unit, joules. The calorie was originally defined as the amount of heat
required to raise a gram of water one degree C. However, the heat required for this varies
somewhat over the temperature scale. To avoid ambiguities, it is safer to use the Joule as the unit
of heat (1 calorie = 4.185 Joules). Nevertheless, since most textbooks and handbooks use the
calorie as the MKS unit of heat, we will use the calorie in this course. (In the English system, the
BTU, British Thermal Unit, isused. 1 BTU = 779 ft-Ibs.)

Heat is the quantity unit in thermal systems (analogous to mass, charge or fluid volume
in our other system types). For flow of heat we define

_dH |cal
Q=74 %) (24)

3. Power - Energy

Unlike all the other systems we have studied, (across variable) times (through variable)
is not equal to power flow in thermal systems. Instead, power flow isjust Q. Total thermal
energy transferred is

H=IQm
(29)
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4. Basic Thermal Elements

Thermal systems have only two basic e ements The A-type element is thermal
capacitance. The D-type element isthermal resistance. There is no known T-type element in
thermal systems. If it existed, the T-type element would be called thermal inductance.

4.1 Thermal Capacitance

Thermal capacitance is ameasure of the capacity of an object to store heat. For an ideal
thermal capacitor, we assume that a change in temperature is directly proportional to the
change in the quantity of heat stored in the device. Therefore, the rate of change of temperature
of an object is proportional to the rate of heat flow to the device or,

t
T@:-%IQ&+TW)
0 (26)

Note the similarity of these equations with those for electric and fluid capacitance defined
previously. The units of thermal capacitance may be expressed as calories per degree C or Joules
per degree C. The symbol for athermal capacitor isthe same as for the electric capacitor. Inherent
in our definition above is that the temperature within the material of the capacitor is uniform. For
the electric capacitor, it was reasonable to assume that all points on ametal capacitor plate were
of the same potential. It is not aways so reasonable to assume that all points within a volume of
material are of the same temperature. However, thisistrue for the ideal thermal capacitance.

4.2 Thermal Resistance

A glass window pane on a winter day may have air at 20°C on one side and air at (°C on
the other. In this case, heat will be conducted from the warmer to the colder side through the
glass. The rate of such heat ransfer is proportional to the temperature difference across the glass

(AT), proportional t the area of the pane (A), and inversly propotional to the thickness of the glass
(L). Itis also a function of the glass. In steady state, the expression for the heat flow is

Q=k (AT)A/L joules/second (27)

k, the proportionality factor, has units joules per second-meter-degree C. This quantity is called
thermal conductivity (analogous to electric conductivity). Values of k can be obtained from
handbooks However, be careful of the units given in such handbook tables. Calories may be used
instead of joules, hours may replace seconds, or a mixed system may be used with units such as
Btu per hour-inch-degree F!

In order to carry our electric analogy further, we will define thermal resistance of a
given object between two temperatures as given in Equation 28.

R = L/kA (28)
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Note that this is the same definition as was used for electric resistance (R = L/cA). Then we have
Ohm’s Law for thermal systems:

T=RQ (29)

where T is the temperature difference across a material, and Q isthe flow of heat
through the material. R, the thermal resistance of the material, isafunction of its cross
sectional area, the distance the heat must flow, and internal properties of the material given by
itsk value. The units of R in this case are degrees C per calorie per second.

Note: A guantity commonly used to rate the heat insulating properties of materials used
in buildingsisthe"R" factor. Unfortunately, thisis not the same as the thermal resistance R we
have just defined in Equations 28 and 29. The R factor of building insulating material is defined
as L/k instead of L/KA as given in Equation 28. Also, mixed units are used. This R has
dimensions square feet-hour-degree F per Btu. Therefore, you must divide by the total area of the

insulation to get the actual thermal resistance.
The symbol for thermal resistance is the same symbol we have used for electric and

fluid resistance.
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Chapter 4 Problems

1. A power transistor dissipates 15 watts when used in an amplifier output circuit. The maximum
allowable internal (junction) temperature of this transistor is specified by the manufacturer to be
200 C The thermal resistance from the pn junction where the heat is devel oped to the transistor
caseis 2.50C per watt' A "heat sink" isametal plate on which the transistor case is mounted to aid
in the flow of heat from the case to the air. Ambient temperature (temperature of the surrounding
air) is45°C. (a) Determine the maximum thermal resistance which the heat sink can possess and
still meet the requirements. Y ou tray assume the junction to case resistance and the case to ambient
resistance are in series.

(b) If aheat sink of resistance 4 °C/watt is chosen, what temperature might be expected at the pn

junction?

2. Consider an open reservoir being filled with water. The pressure at the bottom of the tank varies
as shown in the figure (pressures are in n/m2). The tank has a fluid capacitance of 2 ms/n.

Sketch the graph of the flow rate, Q (m3/s), into the tank as a function of time. Label al important
values on your sketch! Write an analytic function for this flow in terms of step functions. What is
the power flow at t = 4? Isit into or out of the system?

olt)
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Systems Chapter 5 Study Guide

Generalizations and Analogies

A. Concepts Addressed By This Topic

I' Generalized variables:
across, through, integrated across, integrated through.

2. Generalized ideal one-port elements
Energy storage, energy dissipative, energy sources.

3. Generalized through and across sources
4. Alternative effort/flow definitions

B. Introduction

During our study of mechanical, electrical, fluid and thermal systems to this point,
certain analogous elements, equations, and concepts should have become obvious. We now wish
to tie these together into one generalized approach which applies to any of these systems and to
other systems as well. We will define the generalized ideal system elements according to their
energy handling characteristics. The variables will fit into two categories: across and through.

System elements can al so be categorized according to the number of energy ports they
possess (port is another name for aterminal pair). The ideal elements we have introduced are all
one-port elements. Power flow at each port is the product of that port's across and through
variables. Ideal one-energy-port elements can be classified as active (sources of unlimited energy),
or passive (elements which either store or dissipate the energy entering at their port). Those
passive elements which store energy can be further divided into two classes according to the
variable (across, A or through, T) which indicates the energy provided or stored. Ideal sources
may also be classified as across (A-type) or through (T-type) based on which variable they
maintain at their terminals. When an ideal source hasits A or T variable set as a function of some
other through or across variable of the system, it is called a dependent source. Dependent sources
are useful in modeling more complex system components such as amplifilers, transformers,
transducers, etc.

C. Instructional Objectives
A student who masters this material will be
ableto
1. Identify the through variable, the integrated through variable, the across variable, and
the integrated across variable used with mechanical, electrical, and fluid systems.
2. Sketch the symbol used for the ideal T-type and A-type energy storage elements, and the
D-type energy dissipative element, along with theideal elemental equation for each, for each system
type studied to date (see Table 4-2).
3. Represent forcing functions by the appropriate source symbol. Model real sources
using a combination of ideal elements.
D. Study Procedure
Read Chapter 5.
Additional material on the standardization of nomenclature and symbols can be found in
references 5 and 11.
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E4 Systems
Chapter 5
Generalizations and Analogies

Certain common concepts and definitions have appeared in all the systems we have
studied. In this chapter we summarize these ideas and use them to define a more general set of
system elements and relations.

1. Across and through variables.

Two primary system variables have been associated with each system element: an across
variable and athrough variable. We will adopt the designation v for the generalized across variable,
and f for the generalized through variable. v21 represents the difference between the
values of the across variable at terminals2 and 1. That is, v21 =v2 - v1

Table 1 Across and Through Variables by System Type

System Across variable Through variable
General Case % f
Trandational Mechanical v: velocity F: force
Rotational Mechanical : angular velocity T: torque
Electrical Vv : voltage I - current
Fluid P: pressure g: volumetric flow rate
Thermal T: temperature Q: hest flow rate

2. Integrated across and through variables.

Pure system elements (mass, inductance, resistance, etc.) may be defined by the
algebraic relations between forms of across and through variables. These equations are called
constitutive relationships. In some cases, the relationship uses the integral of the across or
through variable.

Integrated Across Varjable  Imiegrated Through Varable

1=J\rdt h--l-fdt
(1)

Table 2 Integrated Across and Through Variables

System Integrated across variable Integrated through variable
General Case X h
Translational Mechanical x: displacement p: momentum
Rotational Mechanical 0: angular displacement h: angular momentum
Electrical A: flux linkage q: charge
Fluid I': pressure momentum V: volume
Thermal none H: heat
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3. One-port elements.

All system elements defined so far have been one-ports. This means the element has one
pair of terminals by which energy can be transferred between it and the rest of the system. The
across variable may be designated as v21, with terminals | and 2 specified, or without a subscript
if the terminals are marked + and -. In this latter case, it is understood that v represents v+ - v-.
The direction of the through variable isindicated by an arrow.

ULt

Figure 1 A- and T- variable conventions for a basic element

The equations we use to relate the across and through variables for each element assume the
conventions of Figure 1. That is, when we write v21 = f R, we are assuming that the positive
direction chosen for f is through the element from 2 to 1.

4. A-type, T-type, D-type elements.

Three element types have been defined based on their energy handling properties. In
Ttype elements, energy stored is afunction of the through variable. In A-type elements, energy
stored is afunction of the across variable. In D-type elements, energy transferred to the element
is dissipated as heat. We may use the following symbols for these elements, regardless of the
system type:

A-Type T-Type D-Type
C L R
i — s —AAA—a
dv
= i — --'Ij'—f =
f=C at Vi L at v=fR
v =l-|-fdt+v —LJ. dt + f(0) f=Lv
21 C 1 L R 21
0 (2)

The symbols used earlier for mechanical system elements (given in Figure 2) may still be
used for clarity on occasion. However, the generalized symbolsfor A-, D-, and T-type elements of
Figure 1 will now be the primary ones used to represent mechanical elements aswell as
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elements from all system types.
A-type T type D-type
m (or I) N

Figure 2 Alternative Mechanical System Element Symbols

Two important distinctions exist between the element equations for the mechanical
parameters of Figure 2 and those for the generalized parameters given by Equations 2: L in the
generalized T-type element equation is numerically equal to 1/k, the reciprocal of the
mechanical spring constant, and R of the generalized D-type element equation is numerically
equal to 1/b, the reciprocal of the mechanical damping constant.

Table3 Relations Among A-, T-, and D-type parameters

System A-type parameter T-type parameter D-type parameter
General Case C L R
Trandational Mechanical m: mass 1/k: spring 1/b: damper
Rotational Mechanical I: rotational mass 1/k: rot. spring 1/b: damper
Electrical C: capacitor L: inductor R: resistor
Fluid C: fluid capacitor I: . fluid inductor R: fluid resistor
Thermal C: thermal capacitor none R: thermal resistor

5. Constitutive Relationships

The constmnve reladons for C and L are obtained by replacing (f dt) by dh and (v dt) by
dx in the integral form of Equations 1 and 2, yielding algebraic equations in terms of the integrated
through and across variables, respectively.

Intzgrated Through Varable Integrated Across Variable
Ifdt=ICdv jvdt=ILd.f
Constitutive relations: h=Cv x=Lf
The congtitutive relation for Ris v=Rf (3

6. Power and energy
For all systems studied (except thermal), power associated with a given element isthe
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product of the element’s across and through variables:
p(t) = (across) (through)

Note that power is an instantaneous quantity, meaning that the rate of energy flow at any instant
depends only on the values of the across and through variables at that instant. Previous history has no
significance. Power can be positive or negative' Following the standard conventions (Figure 1) for across
and through variables, positive power indicates energy flow into the element (to be stored or dissipated),
and negative power indicates energy flow out from the element (to the rest of the system).

The power flow to aD-type element is

2
_ _ - ¥
P—vf-fZR-R watts @

Energy transferred to or from an element over a period of time may be found by using
the time integral of power. The total energy transfer over all timeto R, L, or C elements must
be positive or zero, since none of these elementsis able to generate its own energy. Energy
transferred to A-type (C) or T-type (L) elementsis stored and may later be returned to the
system Energy transferred to a D-type element (R) is aways lost to the system. The energy
stored in an A-type element is determined by the square of its A variable; the energy stored in a
T-type element is determined by the square of its T variable.

A-Type Element T-type Element
7
E=%l';"l.-rI E=%Lf" joules
(3)
7. Sour ces

A source element is a one-port element which is capable of supplying unlimited energy
to asystem. Anideal source is one which maintains a prescribed output under any loading
conditions. An z'maigﬁeﬂdem‘ source is one in which the prescribed output is not a function of any
other system variable' Sources may either deliver or absorb power. The power associated with a
sourceis p = v21 f. When the flow is directed out of the terminal of higher v, the source is
delivering energy to other el ements in the system.

7.1 A-type source

2

Vo ( ) v

nd

1
Figure 3 A-Type Source Symbols
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An A-type source maintains a prescribed value (v21 of Figure 3) of the across variable
between its terminals, regardless of other el ements connected there. The designation of terminals

2,1 may also be accomplished using +/- signs' A summary of A-type sources of systems we have
studied are given in Table 4:

Table4 A-Type Sources

Genera Case V: general across source
Trandational Mechanical v: Trangdlational velocity source
Rotational Mechanical ®: angular velocity source
Electrical Vv : voltage source

Fluid P: pressure source

Thermal T: temperature source

7.2 T-type source

—

40

Figure 4 T-Type Source Symbol

A T-type source maintains a prescribed value (f in Figure 4) of its through variable,
regardless of other elements connected at the terminals. For the systems we have studied,
T-type sources are

Table 5 T-Type Sources

General Case f : genera through source
Trandational Mechanical F: force source

Rotational Mechanical T: torque source
Electrical i: current source

Fluid g: flow source

Thermal Q: heat flow source

7.3 Dependent sour ces

The sources of sections 7'1 and 7.2 are independent sources That is, their output is
completely described by the v or f function supplied with the source. It is also possible for an ideal
A- or T-type source to have its output controlled by other variables in the system. For example,
consider avoltage amplifier which receives a voltage signal from a microphone and delivers an
amplified version of that signal to aloudspeaker. If the amplifier doesitsjob, the voltage at its
output is K times the input voltage. If we want to represent the output of the amplifier as avoltage
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source driving a speaker, we must set the value of the voltage source equal to K times the input
voltage from the microphone. In other words, the voltage source is dependent on the microphone
signal. We might represent this amplifier as shown in Figure 5.

R S —
* +
‘r .
‘m Kvin aut
. s
Yolege Amplifier [

Figure 5 Voltage Amplifier

In this case, the input control (microphone) was considered an across variable, vin. The
controlling variable could aso be athrough variable. For example,

fm) Kfy Vou

Current contmolled volage source

Figure 6 Current Controlled Voltage Source
(Note that the K values must have proper

More convenient symbols for dependent sources are shown in Figure 7. The T-type dependent
source symbol is on the left, and the A-type dependent source symbol is on theright. v or f represents a
variable somewhere else in the system. Note that both the T-type and the A-type dependent sources may
be functions of an across or athrough variable elsewhere in the system. Thistype of sourceisvery
convenient when modeling such real devices as control valves, transistors, amplifiers etc., where a small
signal controls the flow from alarger power source.

Kv Kv
or or
Kf Kf

Figure 7 Dependent Source Symbols
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8. Alternative categoriesfor system variables

The prime aim of our analysis of systemsisto keep track of energy transfers. To thisend, we
have found in each of the mechanical, electrical, and fluid system types, a pair of variables whose
product is power flow. So that analogies may be drawn across all these system types, we have
categorized one variable of each system'’s pair as an across variable, and the other as a through
variable. These names were chosen simply because the physical nature of each variable makesits
type easy to determine. It does not indicate, for example, that velocity and voltage are somehow
alike. By categorizing the variables this way, we can trand ate a set of equations relating the A- and
T-type variables of one type system into equations representing another type system with the same
solution. This categorization of variablesis sometimes called the Firestone analogy after the person
who first called attention to it.

A second, equally correct and useful way to categorize variablesis the mobility' analogy. In
this approach, we think of the variables force, torque, voltage, and pressure as "effort” variables. That
is, they represent quantities which have a potential to produce motion. The variables linear velocity,
angular velocity, current, and fluid flow are called "flow" variables because they each represent a
movement of mass or charge. Using these definitions, the effort variable in electric or fluid systemsis
what we have defined as the across variable. The flow variable is what we have defined as the through
variable. For the mechanical systems, however, the correspondence is reversed: the effort variable is
the through variable and the flow variable is the across variable

Using concepts of effort and flow (instead of across and through) to make anal ogies between
system types does introduce a new set of rules, diagrams and mathematical relations to be used. For
one example inductance, rather than capacitance becomes the electrical analog of mass. Table 6 lists
the assignments of variables under the mobility analogy.

Table 6 Effort and Flow Variables

System Effort variable Flow variable
Trandational Mechanical F: force v: velocity
Rotational Mechanical T: torque w: angular velocity
Electrica v: voltage i: current
Fluid P. pressure g: volumetric flow rate
Thermal T: temperature Q: heat flow rate

Although the system diagram may be different, the same set of equations will result
when numerical values of the parameters are substituted, and the same answers to any systems
problem will be found. The effort/flow concept is not uniformly better or worse than the
across/through idea. Both have certain applications where they are superior. We will not study
the effort/flow approach further in this course. However, you should be familiar with these
terms and be able to identify the variables they refer to for each system.
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Chapter 5 Problems

1. For each system below, m = 2kg, b =5 N-s/m.
(a) Sketch agraph of the system using generalized ideal symbols. Label element values.
(b) Write an equation which relates F and v.

7 b

Fo o m —H]—%

2. Sketch a graph of the rotational system below using generalized elements. @, is the input
function. Label each element value using proper form of K, I, and b,

w, k ) k,

W) S—
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Systems Chanter 6 Study Guide

Sinqularity Functions and I nitial Conditions

A. Concepts Addressed By This Chapter

1. Singularity functions as signals.

2' Derivatives and integrals of singularity functions

3. Signals as a combination of singularity functions.

4. Response of ideal elementsto singularity driving functions.
5. Initial (t = 0+) conditions after t = O application of singularity
functions

B. Introduction

An input signal we must deal with in every system type we study is the simple two level
or on-off signal. This signal can represent a suddenly applied force or torque, a switch closingin
an electric circuit, a sudden valve opening or closing, etc. A mathematical function has been
defined to represent this signal, called the unit step function. Each system type we have studied
possesses elements which respond to an input signal by producing the derivative or integral of
the input. Therefore, we need to investigate the derivatives and integrals of the unit step
function. Since the step function has a discontinuity, its derivatives are mathematically
undefined at that point. However, it is convenient to use alimiting process to define a family of
functions called singularity functions which can be used to handle the discontinuity problem.
This chapter will introduce these functions and illustrate their application to system elements.

C. Instructional Objectives

A student who masters this material will be ableto
1. Write the definition and graph of step, ramp, and impulse functions. Express a given
appropriate waveform analytically in terms of these functions.
2. Given an expression composed of singularity functionsin time, sketch a graph of the value of
the expression vs. time
3. Determine the response of ideal elements to step, ramp, or impulse inputs.
4. Use the sifting property of the impulse function to evaluate integrals and other
expressions containing this function.
5. Replace elements which possess initial energy storage with equivalent combinations of . elements
with no energy storage together with an equivalent source.
6. Determinetheinitia (t = 0+) state of al system energy storage €l ements after an
application of asingularity function sourceat t = 0.

D. Study Procedure

Read Chapter 6.
Additional information on singularity functions can be found in references 1, 6, 9, and 13.
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E4 Systems
Supplementary Notes
Singularity Functions and Initial Conditions

1. Unit Step Function

Certain time function signals appear often in the study of systems. One of these, the unit
step, may be thought of as amodel of the signal which appears when a switch is closed
connecting a constant source to output terminals.

VBV closel at 10 —_— o
o +
+ +
v o vut) (£) VEtJ

Figure 1 Replacement of a switch by a unit step function source

The definition of the unit step function, u(t), is given by Equation 1.

u(t)
I

(1)

The step function can be translated on the time axis and can be multiplied by any value
or other function asillustrated by the examples of Figure 2:

5 u(t - 2) (sint) u(ty\
Sf----- — t
t VAR
b 2
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(e™") uft)

1
2uft-1)-2u(t-2)
zi
t
0 n 1 2 '
u(t) + uft- 1) - uft- 2) - u(t - 3)
u(4-t)
21 1
1 . .
; , i
2 3 " 0 4

Figure 2 Combinations of the unit step with other functions

2. Unit Ramp Function
We will use r(t) to indicate the unit ramp function. (In other textbooks, you may find

other symbols used for the unit ramp.) Its definition is

[0, t<0

[='=
r“' Lt’Eﬂ @

So aplot of the the unit ramp consists of two straight line segments, one on the
negative time axis, and one of unit slope for positivet.

rit)

\m_‘l

Figure 3 Unit Ramp Function
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The unit ramp is related to the unit step. If we integrate u(t) from -e= to t, the result (the
area accumulated under the unit step function) is r(t). 'We can define r{t) in terms of u(t):

t
r(t) = I u(A) di or rit) = t ult)
-e= (3)
Example: A 2N forceis applied to a pure mass of 4 kg at rest at t=0. Find its velocity for all t.

[
(v

~ v=_4 | 0 de + vO)
=
- 4
F=2u(t) [ 4xe t
=1 =1
ry 2 u(t) de A r(t)
Result:
t
Ramp functions may be combined to produce other shapes:
g:(t)
o) TS '
—* : t t
1 2
g1=2r(®)-4r(-1)+2r(t-2) g2(t) =r(t-1) - u(t-2) - u(t-3) - (t-3)

Figure 4 Combinations of ramp functions
Note that the coefficient of each ramp function represents the change in slope.
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Excel : Assume g 1(t) of Figure 4 is atime-varying torque applied to a pure rotational spring
element. Determine the angular vel ocity across the spring as a function of time if the spring
constant, k =%

Solution: Use the spring element relation between torque and angular velocity:

_1dT _ 5 d s )
D1 5% at _Edtnglnjl

Differentiate the waveform g;(t):
o..=28[2101)-4rt1) +21(t-2)]
21 dt

= 4u(t) - 8u(t-1) +4 ut-2)
@, (t)

2

4

T IR

3. Unit Impulse Function

Suppose a step current is applied to a pure inductor (i = (t)).
Then

=p 4 - dfu@
v=Ldl Ldt{]

But what is the derivative of u(t)? To approximate this function, consider an
approximation of a unit step function current as given in Figure 5:

ift)
1+

t2 fom

£
2

Figure 5 Approximation of astep.

As a approaches zero, the function of Figure 5 becomes more and more like astep. An
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expression for ia(t) of Figure 5 can be written using ramp functions. Its derivative then is
afunction of steps.

: 1
(1) =% r{t-%}- %r{w—%}

1 E. 1 E
==L ult-2)- cult+=)
dt E 2 E 2 )

A

]
ML

Figure 6 Approximation of aunit step (ia(t)), and its derivative.

diy/dt is a rectangle of height 1/e, and width e. Now let € get very small. Ase— 0, i (1)

looks more and more like a unit step function. Meanwhile, derivative becomes a very nammow,
very high rectangle, but with area always egual wo 1.

.EEJ,--

ae

!
4

E>E>8

bt L Ll a2t 2] Ll g o

£ g
Figure 7 Derivatives of i (t) of Figure 6 as € 1s made smaller.

A special symbol, 8(1), is used for the function which results for e—=0.
a(t) = du(t)/dt. (5)
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One way to define d(t) (which may not be mathematically satisfying)

+ao
(0, t=0 _
50 =1 o0 1 210 Jooa -

L — (©)

Because of the symbol, the function is sometimes called the delta function (also the Dirac
delta function). It is impossible to sketch a graph of o (t) since it has infinite value at t = 0.
Therefore, we draw an arrow pointing to « at the point on the axis where the non-zero value
appears. Beside the arrow, in parentheses, we indicate the area of the impulse' On theleft in
Figure 8 we see the diagram for a unit impulse function located at the origin. From Equation 6,
this is designated 6 (t). The right panel of Figure 8 illustrates the effects of multiplication of the
impulse by a constant (the area is multiplied), and time shifting.

45(r2)
oy
&(r)
4
() (4)
t
0 2
0 i

Figure 8 Plots of &(t) and 4 &(t - 2)

0 (1) is zero everywhere but at the origin' Any integral between definite limits which include
the origin yields the value 1 because thisis the area under the impulse function. Integrals whose
definite limits do not include the point where the impulse occurs will have the value zero. Of course
the impulse may be located at any point on the time axis.

If theintegral isindefinite (limits -co to t for example), the integral of the unit impulse
function is the unit step.

t

jﬁ[t} dt = u(t)

= T

As used in systems calculations, the unit impulse will always appear as part of an integrand'
Real systems always possess energy storage elements and are therefore non-instantaneous (they
have memory). Input-output equations for such systems always involve terms which integrate the
input. When the duration of an input function is much shorter than the response time of a system,
that input function may be replaced inside the integral by an impulse of equal area. Y ou have
encountered this approach before in mechanics.
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Example: The mass m, at rest on africtionless planeis hit by a hammer. The hammer and mass
are in contact for a very short time during which the mass is suddenly accelerated to velocity v. After
hammer and mass part, the velocity of the mass will continue to be a constant, v.

- —> v

m

*~ frictionless

Figure 9 Hammer hitsinitially motionless mass.

For such a sudden change in the state of the system, we are not usually concerned with the
actual force or velocity functions during the time of contact, only with the total changes that ook

place. Assume mass and hammer are in contact from t =0to t =g We know that for t < 0, the
velociry was zero, and for t > g, the velocity is a constant, v. We can therefore draw a graph of

veloeity vs. ime for the mass fort <0 and t > &. During 0 > t > e, the velocity follows some path
from 0 1o v. The exact shape of this path is usually not cridical to the solution of problems of this
type. Therefore, on the first graph of Figure 10, we sketch a guess of this part of the picture.
Since only mass is present, the force the hammer exerts on the block is m dv/dt. This is plotted in
the second graph.

velocity |
1;--
|
'HI:I_ actual curve is unknown, O o ¢
0 ¢ t
Force, F(1)
E
ares = mv_A¥ ﬂp:.&.mv:-[ F dt
a e : 0

Figure 10 Ve ocity of mass (top) and force exerted by hammer (bottom). .

Since v wasinitialy zero, the area under the F(t) curve must total my (the total change in
momentum is the area under the graph of the force function). If aisvery small compared to the
system’'s memory (this system remembers the hit forever), we can approximate the force F(t) by an
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impulse function:

F(t) = mv &(t) (9

F(t)
{mv)

0 t
Figure 10 Approximation of the force applied in Figure 9

3.1. Special propertiesof theimpulse function
Since the impulse function almost always appears as part of an integrand, we need to
know the procedure for evaluating functions such as

B
J o(t) x(t) dt

or, more generally,

+
J o(t - a) x(t) dt
- 9)

where X(t) is a continuous function of t at t = a. The two functions are plotted in Figure 11.

x(t) p:::..- EH:I'HJ

/

a

Figure 11 Plots of the integrand of (9)

The two functions are multiplied together, so their product is zero for all texceptt=a
Therefore, we can shrink the limits of integration from ®e= 0 the interval a-€ to a+€.

a+E
Iﬁ(t - a) x(t) dt

d=E
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If € is very small, the change in x(t) over the range a-€ to a+ ¢ is negligible and we can
take x(t) = x(a), aconstant for the range of integration.

A+E a+E
Ix(aj o(t-a)dt = x(a) | 6(t-a)dt = x(a)
a-£ a-£

The last step simply evaluates the area under the impulse as 1. The property of the impulse
function under an integral sign to select one value of afunction it multipliesis called the sifting or
sampling property: The integral of the product of an impulse function and x(t) is x(t) evaluated at
the point where the impulse function occurs.

The examples below illustrate the behavior of the impulse function under various

circumstances.
+oe 4
et Sty dt = 1 _{ rt) 8(t-2)dt = 2
- o
& 1
) sinx E{x=%} dx=3—1_2- jr{t) S(t-2) dt = 0
0 0
&(t) cost=5(1 e B(t-1)=e*B(t-1)
5(t) sin =0 (sin 1) 8(t-3) = 8(t - 2)

8(t) 8(t-1)=0

4. System State and I nitial Conditions
The "state" of asystem isa set of data about the system at a particular time, to, which makesit

possible to determine the value of all variables of the system at t = to and (given all input functions)
the value of all variables of the system for t > to. For systems comprised of only D-type
elements and known sources, all A and T variables can be found by writing and solving a set of
algebraic equations. Therefore, to specify the state of such azero order system at t = to, no
information beyond the configuration of the system is needed. However, if energy storage
elements are present in the system, additional information will be required.

Consider a mass-spring system with a zero forcing function. Such a system has a sinusoidal
natural response. However, the amplitude and phase position of the sinusoid depend on how we start
the motion at t = 0. If we stretch the spring and hold the mass still, then let go, the velocity may be
closeto vmax SiN Wt That is, the mass has zero velocity at the instant we let go, then it begins to move
upward. The amplitude vmax is determined by theinitial energy we store in the spring (a T-type
element, so afunction of the force). If we start with an unstressed spring, and start the motion with a
push on the mass, the velocity may be closer to vmax COS Wt Here, the mass starts off at maximum
velocity, determined by the energy stored by the push (an A-type
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element, so afunction of velocity). Therefore to solve for the velocity of this system under any
starting conditions, we need information about the initial energy storage of both the spring and the
mass. Two items of information are required to completely specify a second order system.

In general, one way of specifying the state of asystem at t =to isto list the energy stored in
each A- or T- type element. The equivalent of thisisto specify the A variable of al A-type
elements and the T variable of all T-type elements. If we want to determine system behavior over
some time period, say, t = 0 to oo, a determination of the state of the system at t = 0 (the initial
conditions) is required.

In many problems, the initial values of the variables in the energy storage elementsis
specified. However, a common situation involves the opening or closing of aswitch which
changes the system configuration at t = 0. Assuming we know the system state just before the
switching, how can we find it just after the switch action (the new initial conditions)? The energy
stored inan A- or T-type element isafunction of its A or T variable, respectively. Could this
energy ever be discontinuous? That is, could a plot of energy stored in an A- or T-type element
ever have a step-type change from one value to another as shown below?

Stomd ensrgy
‘-_—JH\’—

Figure 12 Discontinuity of stored energy

Since power flow to any element is the derivative of energy stored, a step change in stored
energy represents an infinite (impulse) power flow. Power is always the product of the A and T
variables of the element. Therefore, to have an impulse power flow to an element, either itsA or T
variable must be an impulse. We can assume that infinite energy is not possiblein real systems. This
means that the A variable cannot be infinite in an A-type element and the T variable cannot be
infinite in a T-type element. (There are some circumstances under which impulse A variables may
appear across T-type elements and/or impulse T variables may appear through A-type elements.)

Based on the foregoing discussion, we can state the following rule which is very useful in
determining conditionsin systems just after a switch is thrown:

If power flow is finite (in other words, in the absence of any impulses) the A variable in each A-type
element and the I variable in each T-type element cannot change instantaneonsly.

Table 1 Variableswhich are continuousin the absence of impulses

T-Type
A-Type
Force of spring Velocity of mass
Torgue of rotational spring Angular velocity of rotating mass
Current of inductor Voltage of capacitor
Flow of fluid inductor Pressure of fluid capacitorExample:
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Close the switch at t = 0 on the R-L system shown. Find i(0%) and difdtatt =0%, (0%
indicates the instant of ime just after the switch closes. 0 indicates the instant of ime just before

the switch closes.)

Before the switch was closed, current in the system, and therefore current in L was zero.
That is, i(07) =0. According to the rule above, just after the switch is closed the inductor current
must still be zero (no impulse voltages are present). Soi(0™) is also zero. Now, since the resistor
has no current at t = 0%, there is zero voltage across the resistor. Therefore the battery voltage
must be entirely across L at t = 0™, This means thatatt= 0%, V = v =L di/dt. So the initial
value of difdris V/L.

Example: The system shown below was in operation for a long time with the capacitor uncharged
when, at t = 0, the switch was closed. Find the current in C at t = 0™,
t=10

L ,.:\L

1

ViZ E cT

Solution: We observe that there should be no impulse currents or voltages in this system at t = 0.
Only two variable values existing at t = 0~ are of any use to us in determining conditions at t = 0%,
These, according to Table 3, are the inductor current and the capacitor voltage. v(07) is given as

ZEero so vc(O“") must also be zero. To find ij (07), we can write an equation around the only loop |
existing during t <0: V =L di/dt +Ri. In equilibrium, the derivative is zero, so if (07) = V/R.
This means that ij (0%) = V/R. Now, at t = 0%, since the capacitor voltage is zero, the resistor

voltage must also be zero (they are in parallel for t>0). If vg = 0, then iy must also be zero. If the
resistor has zero current, all the inductor current must be flowing through C at t = 0+. Therefore

ic0%) = i (0") = VIR.
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When you are told that a system isin equilibrium at t = 0", it means the system has been in
operation for along enough time that all exponentially decaying (natural form) A and T variables
have died out. Then, if only constant forcing functions are present, you can assume all variables
have reached constant values and the time derivative termsin any differential equation you might
write are zero. Since vL = L di/dt, and iC = C dv/dt, we can assume this means that all inductor

voltages are zero (elements with current flow but zero voltage could be drawn as a short circuit),

and all capacitor currents are zero (elements with voltage but zero current could be drawn as an
open circuit).

Example: The circuit below is in equilibrivm when, at t =0, the switch is gpened. Find all
currents and voltagesatt=0" and att =0,

2H N0 2q
‘aaag e A AN
10

Solution: For the determination of equilibrium valuesat t = 0, replace al capacitors by
open circuits and inductors by short circuits:

{zwitch is cloged for t=<0)

AMA,
P— ] bl ¥
8a + 4A
8V v 4A[320
.I.H' 1
102

The currents and voltages of the resulting resistor system are easily found, and this
solutic also gives usthe C and L currents and voltages. Now open the switch.

2H 292

Y\ AAA
" +-|-051= - *4- -
8V 8. TY 4320 4 H< 8
-4+ + +

10 .. voltagesarefort =07
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At t =0+, the current around the left loop must be 4 because the inductor current does not
change. This means all three elements in the left loop have i =4 at t =0%. Since the 1Q resistor
current is 4, its voltage is also 4. The capacitor voltage must remain 8 att = 0. The path law then
says vL(O"') = 4 with polarity as shown. For the right-hand loop (now disconnected from the left)
the inductor current must remain 2. So the loop current is 2, giving each resistor a voltage of 4.
This means the inductor voltage must be 8 at t =0%. (Remember, these values pertain only to one
instant, t = 0%).

5. Modeling of initial conditions

To solve the differentia equations of any system for t > 0O, the state of the system at t = 0+
must be known. By state is meant a set of t = 0+ values of across and/or through variables from
which all other variables of the system may be found. One such set is those variables which
determine the energy stored in each storage element: the across variable of each A-type element,
and the through variable of each T-type element. These values appear as constants ( f(O-) or v(0-) in
the element equations good for t>0:

t

f[t)=%j v d + f0) T - type
0 (10)
t
Vp®=1 J £(t) dt + v(0") A - type
0- (11)

The reason for the use of 0- in the above equations is to take care of the possibility that the
integrand may contain an impulse at t = 0. In that case, we need to start the integral just before the
impulse so that the impulse areawill be recorded.

It isworth taking a moment here to look more closely at the effect an impulse function has on
an energy storage element. Since infinite energy is assumed not possiblein any real system, werule
out impulse functions for the A variable in an A-type energy storage element, and for the T-variable
in a T-type energy storage element. Based on Equation 10, if we apply an impulse Vab(t)

of value K 8(t), f(t) jumps at t = 0 from f{0") to [f(07) + K/L]. Similarly, from Equation 11, if we

apply an impulse f(t) of area K at t =0, the value of v(t) will jump at t =0 from f{07) wo [£(07) +
K/L). We can update our rules concemning impulses applied to energy swrage elements in light of
the above results:

1. Animpulse T variable applied to an A-type energy storage element resultsin a
step change of the A variable equal to 1/C times the area of the impulse.

2. Animpulse A variable applied to a T-type energy storage element resultsin a
step change of the T variable equal to 1/L times the area of the impulse.

3. Because it implies infinite energy, impulse functions are not allowed for the A
variable across an A-type element, or for the T variable through a T-type element.
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4. In the absence of impulses, the A variable across an A-type e ement, and the T
variable through a T-type element must be continuous functions of time (no step changes).

We have introduced models for each pure element, but these models do not include information
about initial conditions. Such information can be included in the model by the addition of a through or
across type source as shown below. In Figure 13, an equivalent model of a T-type element is shown. The
dotted outline represents the boundary of the T-type element of Equation 10. This model will produce the
same result as Equation 10 for t > 0. The pure L element is assumed to have zero flow at t = 0-. If no
impulse v is applied, it will still have zero flow at t = 0+. However, the source provides the correct total
flow as specified by Equation 10, f(0-), at the terminals. If an impulseisapplied at t = 0, the flow at t = O+
will be the source value f(0-), plus
the step change through L caused by the impulse, that is, [f(0-) + K/L] where K isthe impulse area.

Vi (1) L1 é)r(o-) u(t)!

f(t) = - v (D dt + £(07) u()

Figure 13 Equivalent circuit for a T-type element

Now consider Figure 14 representing an A-type element. The value of the across
variable, v(t), from ato b isthe sum of the v difference across C and the v difference across the
source. If the flow isf(t), the first term on the right of Equation 11 givesthe v difference across
C. The second term is equal to the source for t > 0. Therefore, Figure 14 is an equivalent model
of an across element with non-zero initial conditionsfor t > 0.
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t
v, ()= -%j f(t) dt + v(0-)u(r)
EI-
Figure 14 Equivalent circuit for an A-type element

Example:
Two capacitors, C1 and C2, charged to different voltages, V1 and V2, are connected
together at t = 0. What is the final voltage across each?

0
11
"
=

Solution:
Replace each C by itsinitial condition equivalent:

_A<

[ =

~~

c 0

{ X=2

Now the Csarein series, as are the sources. Combining series elements gives: Veg= (V |
-V 2) u(t) acting on Ceq = C1C2/(C1+C2).

".-"ﬂ C,. 7T

Thetotal charge transferred is then

g=CegVeg= (C1C2/I1C1+C2]) (V1-V2).
This charge flows through both capacitors. To find vab, we see that it is the voltage across
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C1 plusthe source V1, or across C2 plus source V2. Let's use C2 (all voltages are given for
for t>0):

vC2=g/C2=C1(V1-V2)/(Cl+C2)
vab =VC2 +V2=C1lV1+C2V2)/(Cl+C2)

A second form of initial condition model can be derived for each storage element type.
The equivalent circuit for the across element and its equation are given in Figure 14.
Differentiate through this equation and solve for f(t):

£(t) = C dv,p/dt - C vg(07) 8(t) (12)

Equation 12 can be modeled as a pure C whose flow variable is given by the first term
on theright, in parallel with an upward directed flow source whose value is the second term.

b2 levao s
va(t) € E
b T

Similarly, a second equivalent for the T-type element can be obtained by differentiating
the equation of Figure 10 and solving for v(t):

vap(t) = L dffdt - L £(07) &(t) (13)
a i
b L i
Valt) E
' : Lf(07) 8(1):!

Direction of the initial Condition Source

For the electric and fluid storage elements we have studied, knowledge of the initial
conditions includes the direction of voltage or pressure gradient across A-type elements and
current or flow direction through T-type elements. Therefore, the direction for the initial
condition source in the equivalent is clear. However, in other systems this direction may not be
so obvious. For the trandational mechanical spring element for example, theinitial conditionis
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compression receives an inward force from elements at either end. What should then be the
direction of the step function flow source of Figure 10?

A look at Figure 10 shows that the flow sourceisin the direction of the external f(t) when the
spring is being compressed (vab positive). Therefore, the rule for such flow source equivalent models
is: Assume a positive direction for force (or torque) flow through the system. Springs in the system
should have their initial condition force flow in this assumed flow direction when in compression,
and opposed to the assumed flow when in tension.

Example:
The springs are initially held by a clamp which causes spring 1 to be compressed by force F | and
spring 2 to be stretched by force F2. The clamp is then released. Find the final force in the spring. (Note
that the force will be the same in both springs the instant the clamp is removed.)

4
S
9, E
s
©
4
=
N
L7077

Solution:
Assume a positive direction for force flow left to right. Then the equivalent flow source models are
as shown on the left below, since spring 1 is compressed and spring 2 is stretched. In this case, the solution
iseasier if we switch to the velocity source models on the right.

Fu(t) Fu(t) im} Fi&:t}

T, >

WA AR
K, Ky
cennecting the ends forces them
te have the same velocity (D)

The springs are in series, giving an equivalent spring constant of Leq =kko/(k+k»).
The sources are also in series, so they add, giving an equivalent velocity source of F18(t)/k; -

Fd(t)/ky. The resulting force in the combined spring when this velocity difference is imposed is:
f()=1/Leq vty dt = kyko/ki+ky) | (Fy/ky - Fo/ky) 8(t) dt

Since the integral of &(t) is u(t), the (compressive) spring force, f(t), for

t> 0 is the constant:
‘ f=(k2F1-k1F2)/(kl+k2)
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Chapter 6 Homework

1. Evaluate the following integrals:

@ |2 50-2)ar (b) Jcos mx 8(x-1) dx
(c) 180t - 8(-1)] dt (d) J[5(t) B(r-1)] dt

2. (a) Sketch f(t) and itsfirst derivative, where
f(t)=r(t)-u(t-1) - u(t-2)-r(t-2).

(b) Sketch the integral of 8(t-1) +8(t -2) - 2 8(t -3).

3. Determine the current which would flow in a pure capacitor of C=2F if avoltage
ofv=r(t)-u(t-1)-u(t-2)-r(t-2)isappliedtoitsterminals.

4. (a) Write an analytical expression for the function x(t) plotted below.

(b) Write an expression for and sketch the derivative of x(t) of part (a).

5. The system shown was at rest when, at t = 0, a constant torque T = 12 N-m was suddenly
applied to the left end of the flexible shaft. Determine the angular velocities of both ends of
the shaft at t = O+. Also determine the total angular twist of the shaft at t = O+.

- f
—_— Elywheel
f_,.f_"' l I1=2
Elexible shaft 1 1 |
k=4 LRy,
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6. The system shown was "dead" at t = O-. The current source puts out a 1 amp step, u(t).
Determine the initial (t=0+) values of the following

guantities: (a) Capacitor voltage (b) Resistor voltage

(c) di/dt through the inductor.
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.Systems Chapter 7 Study Guide

Anaysis of Elementary Dynamic Systems

A. Concepts Addressed By This Topic
1. Modeling of real systems using ideal elements.
2. Rules of Compatibility and Continuity.
3. Path and Vertex conditions.
4. Loop and Nodal methods of analysis.
5. Source Transformations
6. System Theorems

B. Introduction

Modeling: We are now ready to obtain sets of equations which describe (approximately) the
behavior of real dynamic systems. The procedure isfirst to model the system using the ideal elements
we have defined, then to obtain a set of independent system equations from the model. In many
cases, reducing the system to amodel is-the most difficult part of the process. It involves
representing each of the real system's components (e.g., wheels, belts, motors, etc. of a mechanical
system) with one or more ideal elements (mass, spring, damper, source).

After the proper ideal elements are chosen and their interconnection has been determined,
certain conditions may be applied to obtain equations which relate the variables of the system. The
conditions include compatibility, continuity, the path rule, and the vertex rule. Loop and nodal
analysis methods are two of the possible methods of application of these conditions to obtain
sufficient equations to solve the system.

There are several procedures of model simplification which may be used prior to the
application of nodal or loop techniques. One simplification process involves replacing el ements
including an ideal source of onetype (A or T) with equivalent elements containing an ideal source
of the other type. Replacement of larger sections of a system by only two equivalent elementsis
possible using certain theorems (Thevenin's Theorem, Norton's Theorem). Another theorem, the
maximum power transfer theorem, is useful in determining the proper load to connect to the output
of a system to assure that maximum will be delivered by the system to the load.

C. Instructional Objectives
A student who masters this material will be ableto

1. Given areal mechanical, electrical, fluid, or thermal system, construct an equivalent model
using interconnected combinations of ideal elements.

2..Given a system model containing ideal elementsincluding sources, determine the number of
independent equations which can be obtained using (@) the path condition and (b) using the vertex
condition.

3. Using the path or vertex conditions, obtain an independent set of equations sufficient to solve
for either the across or the through variables of the system (loop or nodal methods).

4. Use source transformation to replace an ideal A source, element combination with an
equivalent combination using an ideal T source and vice-versa.

5. Replace any one-port system with its Thevenin por Norton equivalent.

6. Determine the load which will draw maximum power from a system.

D. Study Procedure
Read Chapter 7 of these notes.
Additional information can be found in References 1, 9, and 11.
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Chapter 7

Analysis of Elementary Systems

We are now ready to obtain sets of equations which describe (approximately) the
behavior of real dynamic systems. The procedure isfirst to model the system using the ideal
elements we have defined, then to obtain a set of independent system equations from the model.
In some cases, reducing the system to amodel is the most difficult part of the process. It involves
representing each of the real system's components (e.g., wheels, belts, motors, etc. of a
mechanical system) with one or more ideal elements (mass, spring, damper, source).

After the proper ideal elements are chosen and their interconnection has been
determined, the equations relating the variables of the stystem may be determined by applying
certain rules governing the connection of ideal elements. These rules will now be devel oped.

1. Rulesfor Connected Elements

11 Compatibility-. (across type variables) When terminals of two ideal elements are

physically connected, a constraint is placed on the across variable at that terminal. For example, in
amechanical system, terminals connected together must stay together in motion, and therefore both
must have the same velocity with respect to any other point in the system. Analogously, in an
electrical system, connected terminals must have the same voltage; in afluid system, the same
pressure; in athermal system, the same temperature. Thisis called the condition of compatibility.

System Quantity connected element terminals have in common
Mechanical Linear or angular velocity

Electrical Voltage

Fluid Pressure

Thermal Temperature

Note that all the quantities above are A-type variables.

1.2 Path Condition: Since the across variables at connected terminals must be equal, the
difference in the value of the across variable between any two system nodes, i and j, may be found
by adding algebraically the difference across each element in any path between nodesi and j. Since
the across difference between nodesi and j is one value, this sum must be the same regardl ess of
the path chosen. If we travel fromi to j by one path and return via another path, the sum of

variable differences across the el ements of this closed path is equal to zero. Thisis known asthe
path condition (for electric systems, it is called Kirchhoff's voltage law).

element
o node

Yab = Vep *Vae + Y

Figure 1 A connected system of 8 elements and 6 nodes.
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Figure 1 shows 8 elements connected between 6 nodes. (Each element isindicated here
simply by aline.) The across variable for an element connected between nodesi and j is expressed
asvij. If we start at node b and travel through the element that connects from b to a, we will travel
through atotal increase of va- vb = vab . (Of coursg, if vb exceeds va, vab will be negative.)
Suppose we travel from b to aby adifferent route, b-e-d-a. The total observed rise in the across

variable on thistrip isveb + vde + vad. This sum must also be equal to vab since we again have
traveled from b to a. Our conclusion is that the sum of the v changes along any path from node i to
node j isthe same. From this we can formulate a rule known as the path cond:tion:

The algebraic sum of the A-Me variables around any closed path must equal zero.
(Thisrulein electric systemsis often called Kirchhoffs Voltage Law.)

How many independent path equations can be written for a system? Consider a system as
in the figure below (dots are nodes, lines between dots are system elements). Panel a shows only
the N system nodes. In b, we add elements (represented by lines called "branches") in such a
way that all nodes are brought into a common "tree" connection with no closed paths formed.
This always requires N-1 branches. After the tree is constructed, each additional branch added
completes a new closed path as shown in panel c. Therefore, if there are B branches in the final
system, the number of independent paths are B - (N-1) or: The number of Independent Path
Equations=B - N + 1.

.
* .
[ ]
L ]
Nodes: W=35 AddM-1tree branches: Add 3 additional branches:
Moclosed paths. 3closed paths,
B b c

Figure 2 The number of independent closed paths is B - N + 1

Example: Given a system for which there are 8 el ements and 6 nodes as shown below. Write
as many path (loop) equations as possible without passing a node twice. How many of these
equations are independent?
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Answer. Seven path equations can be written without involving a node twice:
vbctvcf+vfetrveb=0
vdet+vef+vfd=0
vbc+vcf+vid+vdetveb=0
vab+vbet+vef+vid+vda=0
vab + vbc + vcf + v fd + vda= 0
vab+vbet+ved+vda=0
vab+vbc+vcf+vfetved+vda=0

Accordingtothe B - N + 1 rule, only 8 - 6 + 1= 3 of these are independent (e.g. subtraction
of the last two givesthefirst). To find an independent set, always choose B-N+1 paths so that all
branches are included and so that each path includes a branch not covered by the previously chosen
paths.

1.3 Continuity: (through tP/pe variables) The through variable of each system type we have
studied is the time derivative of another variable known as the integrated through variable

Through Variable Integrated Through Variable
force, F linear momentum, p
torque, T angular momentum, h
current, i charge, q
flow rate, Q volume of fluid, V
heat flow, Q heat energy, H

Fall T=d -8 Q&L o.&

dt dt dt dt

The integrated through variables are all quantities which, by laws of physics, are conserved
in any interaction between system elements. In other words, the rate at which momentum, charge,
etc., leaves one element must at all times equal the rate at which it enters connected elements so that
the total remains constant. Remember, this rate of change is the through variable. The condition is
known as the condition of continuity.

14 Vertex Condition: Consider a node of a system to which four elements are connected as
shown in Figure 3.
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Figure 3 Vertex Condition: t + fb-fc-fd=0

If momentum or charge or volume or heat isflowing in the four elementsin the directions
shown, we can sort the elements into two groups by the direction of their flow (to or from the
node). We can then use continuity to state that the sum of the through variables of group 1
(entering the node) must equal the sum of the through variables of group 2 (leaving the node).

Vertex Condition: The sum of all through variables entering anode is zero. (In electric
systems, thisis known as Kirchhoff's current law.)

How many independent vertex equations can we write? Consider the system of Figure 4.

Figure 4 The sum of flows across any line which cuts through the system is zero.

If we write vertex equations at every node, each branch flow appearsin two equations,
once with a+ sign and once with a- sign. If we add the equations of two nodes, the flow in any
element connected between these nodes cancels out. For example, at node 1, flows-a+ b = 0. At
node 2. flows -b + -c + d = 0. Adding these equations gives-a- ¢ + d = 0. The three flows of this
last expression cross the dotted line in the figure, indicating that the vertex condition also applies
to "cuts" such as this line, through the system. If we add the equations for all nodes but one, say
node 5, all flows appearing twice will cancel, leaving the equation for node 5. In general, adding
the equations for N-1 nodes gives the equation for the Nth node. Therefore, there are N-1
independent vertex law equations.

Number of Equations Required to solve the System

The unknowns of any system are the across and through variables of each element. Assuming B
elementsin the system, we have 2B unknowns. Combining independent Path and Vertex
equations, we have (B - N + 1) + (N -1) = B equations. But we also know arelation between the
across and through variables of each element. These provide B additional equations. Therefore
the path and vertex conditions are sufficient to solve the system.
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2. Analysis Methods

2.1 Hnd:_al Analysis

(For illustrative purposes, we will develop this technique using flow sources and resistive
elements. Later we will show that the procedure applies foe all sources and element types.)
Consider the system of Figure 5 in which there are 4 nodes. We know it is possible to write 4 - 1
= 3 independent vertex equations for this system, The most efficient way to do this is first to
choose one node (any one - usually the bottom) as the reference, indicated by the symbol = .

A ——

dlr B e ( ) ik

e THE N

Fe======= ! : == . g : :

i — _-; HHE—'-——,_?—:_:—-UUH—F: 1

R: 1 e -I E‘ L ":

- - %

e ————
k—a

Figure 5 System with 4 nodes requires 3 node equations

To simplify the equations, we use conductance, G =1/R. The equations will set source
currents into the node (left side) equal to resistor currents leaving the node (right side). For
example, at node 1 thereisacurrent 11 entering the node from the source, and currents leaving
the node via G1, G2, and G5.

[1=G1lv1+G2(v1-v2)+GS(vI-v3) Nodel

-12=G2(v2-v 1)+ G3(v2) + G6 (v2 - v3) Node 2

12=GS(v3-Vvl) + G6 (v3-v2) + G4v3 Node 3

1)
The equations are easier to solveif we collect thev I, v2, and v3 terms:
1=v1(GIl+G2+GS)-v2(G2)-Vv3(GS)
-12=-v1G2+v2 (G2+ G3 + G6) - v3 (G6)
12 = - VI(G5) - v2(G6) +v3 (G4 + GS + G6)

2

Thisis more efficiently written in matrix form:

Analysis of Elementary Systems VII 6 © 'I'W. Moore 1992



G1+G2+Gs -G3 -Gis vy I
-0y Gy +Ga+Gy -Gg vz [=|-Iz
-Gs -Gy Gy+Gs+Gg ILval LI (3)

The conductance matrix on the left of Equation 3 can be obtained directly from the

system diagram without performing the steps of Equations 1 and 2. Name the elements of the
matrix as shown below:

Gu -Giz -G3
-Gn Gn -Gz
-G -Ga2 Ga3
rl?}e;?re_d on Equation 3, we can establish rules for the direct determination of the elements of this
iX:

Gii isthe sum of all conductances touching nodei,
Gij isthe sum of all conductances common to nodesi and j.

Note that the main diagonal terms are al positive, and all off-diagonal terms are
negative. Thiswill always be the case for nodal method equations.

This method may also be used to obtain simultaneous differential equations for
systems where energy storage elements are present. Consider the system of Figure 6.

I
..... :

\..I ]

- R

Figure 6 Node method applied to a system containing R, L, and C

= Ccdv T
( Remember that i Cd[ and i Ljvdt}

Define an operator, D, which produces derivative with respect to time, and D' 1 which .
produces integral over time. Use these symbols to write the nodal equations for the above
network:
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Gy (v)) +Gg (v]-va)+ CyDivy-vy)

= Gy (va-v)) + (LD (vg) + (1g) D vy -va)

Iy = CyDivy-v)) + (L/Lg) Dl{vg-vq) + CyDivg)

Writing these equations in matrix form produces the following matrix of the

system elements:

G1+G2+CD -Gy -C,D
-G 1 pl+ Lp? -1 p?
2 G+ i i L,
-C,D -1 p C,D + C.D +L D!
L : Ly Sl Lz d

The same rules established above for the conductance element network may also be
used here except that inductance and capacitance elements must be entered in the form above,
using the D operator.

2.2 Loop or path analysis:

A second method of obtaining system equations makes use of the path condition: the sum
of the A variables around any closed path is zero. To illustrate this process, we will use the
electric circuit below. Once again, we have included only resistors and one type of source to
make the illustration simpler. The method is not restricted to systems with only these elements.

1 3
>

Wv M—_

R, R,
R
Vi <+> 2 ) ‘9 Rs

Rg \2

MA—

Figure 7 Loop method used to solve a system with 9 branches and. 7 nodes

The system has 9 branches and 7 nodes, so the number of independent loop equations we can
writeis 8 - 6 = 3. We choose as link currentsil i2, and i3 which are the currents in the outer paths. (The
directions you choose for these currents are completely arbitrary.) We can then use the vertex law at
each outer node to express the curentsin the inner paths (through R2, R3, and R4) in terms of the link
currents. That is, based on the directions chosen above for i1 and i3, we can say that the current in R3
must beil - i3totheleft (or i3 - il to theright). Similarly, we can

VIl 8
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establish the other two inner currents. Now notice that if the origina link currents were chosen as
complete loops, the respective currents flowing in R2, R3, and R4 could be determined by algebraic
addition of their loop currents. The following loop equations result:

V3=ilR1+ (11-12) R2 +i1-13) R3 Path 1
VI-V2=(i2-il)R2+(i2-i3)R4+i2R6 Path 2
V2=(i3-i2) R4+ (i3-il) R3+i3R5 Path 3

Rearrange these termsto collect al 12, i3 terms together.

V3=il (Rl +R2+R3) -2 (R2) - i3(R3) Path 1
VI-V2=-il(R2) +i2 (R2+ R4 + R6) - i3 R4 Path 2
V2 =-il(R3) -2 (R4) +i3 (R3 + R4 + R5) Path 3

Converting to matrix form:

Vi Rin Rz Rps
Vi F| Ra Rn Ry
Vm R3a1 Rz Rs3 3

where V stands for the sum of al voltage sources around the loop specified by the Roman
numeral subscript, Rij isthe sum of resistances common to pathsi and j, and Rii is the sum of all
resistances around path i.

The rulefor signsis somewhat different with loop methods. Every Rii term (main
diagonal) is+. The sign of an Rij termis+ if pathsi and j are chosen to have the same direction
through Rij. If pathsi and j are in opposite directions through Rij, the sign on the mutual resistance
termis-.

If energy storage elements are present, we can use the D and D ~ operators as defined above
in the discussion of node equations. Figure 8 shows a system containing R, L, and C elements. Loop
equations can again be written. The R value of each resistor is again used directly in the matrix.
However, now we must use LD for each inductor, and (1/C)D “for each capacitor.

bt o

1

ot &

2

Pt o
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Figure 8 Loop method applied to asystem containingr, L, and C

RlL + LID+ -L/ C1 -RI -LID
-R1 Ri1+ R2 +L2D -L2D
-L1D -L2D LID+ L2D + 1/c2 D1

One restriction remains on our use of loop or nodal methods. We have shown only A-type
sources used with loop methods and T-type sources used with node methods. When the "wrong"
type source is present, we have two choices. It is possible to convert an A-type sourceto an.
equivalent T-type source and vice-versa, so that the system can always be redrawn with sources of
only onetype. It is also possible to apply the loop or nodal techniques to systems containing either
source type if certain procedures are followed. We will now discuss each of these approaches.

3. Network Theorems
(We illustrate with electrical system elements. Results apply to all linear systems.)

3.1 Thevenin'sTheorem

Consider the linear system of the top panel of Figure 9 (box designated LAN: linear active network)
which contains assorted sources and passive elements, and has a single "port" by which it can be connected
to the outside world. We attach aload, RL, at the port, and observe a current, i1 and a voltage, v1 appearing
across that load. (The load can be any element or combination of
elements. To make this development easier to follow, we will consider the load to be aresistor.)

In the center panel of Figure 9, a voltage source has been added in series with the load so asto
oppose the current flow. We have adjusted the voltage of this source so that the current is zero. When zero
current isflowing at a port, we say the port is "open circuited”. Therefore, we will call the port voltage of
the center panel the open circuit voltage Of the LAN, Voc This must
also be the value of our added voltage source in order to satisfy the path law in the external loop.

In the bottom panel, all independent sourcesinside the LAN have been turned to zero, creating a
linear passive network, LPN. This means that voltage sources have been replaced by short circuits (zero
voltage) and current sources have been replaced by open circuits (zero current).
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The only source now active is the external source of the center panel, Voc Since thisisthe only
active source, we now expect the current to flow in the direction shown in the bottom panel.

" &+
LAN | iy B Y
Yoe ; -D*

LAN 1@: R V, =0
" Ve i
- +
LPN | 14 Rev
] -

Figure 9 Development of Thevenin's Theorem

According to Thevenin's theorem (stated formally below), the load should receive the same
current in the bottom panel configuration asit did in the top panel. To prove this, we apply the
superposition principle. In the top panel, with the LAN sources active but the VVoc source zero,
current il flowsin the load. In the bottom panel, with the LAN sources turned to zero and the Voc .
source active, the load current isi3. Now, according to the superposition principle, the current
flow when all sources are active should be the sum of the currents produced by each acting alone.
But this sum is zero according to the center panel. Therefore, i1 and i3, must be equal in
magnitude, but oppositein direction. If we reverse Voc in the third panel, the load receives
exactly the same voltage and current as when it was connected to the original system.

Statement of Thevenin's Theorem for electric systems:
Any linear active one-port network can be replaced by a single voltage source, equal to

the open circuit voltage of the one-port, in series with the network in which all independent
sources have been set to zero.

Example:
Network Thevenin Equivalent
i 1 "
AN e
R, | v R —i%2
Y %"' LT VEARY RoR | e
i "~ b — b

The open circuit voltage of the network on the left can be obtained using the voltage
divider formula. Thisisthe voltage source value in the Thevenin equivalent on the right. If we turn
source V (on the left) to zero, the resistance seen looking into terminals a-b is the parallel
combination of the two resistors. Thisis used as the Thevenin equivalent resistance in the circuit
on the right. The two circuits above are equivalent in that if oneis replaced by the other, connected
to asystem at terminals a-b, there will be no change in any variables of the system. (To verify this,
calculate the current each would supply to aload resistor, R3, connected at a-b.
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Example:

The 1£1 resistor is connected the circuit on the left at terminals a-b. We want to find the
voltage across the 12 resistor. The Thevenin equivalent may be used to simplify the solution.
Disconnect the resistor and find the Thevenin equivalent at terminals a-b. As shown below, with
the 1L} disconnected, the circuit on the left has only one closed loop.

Current in this loop flows clockwise and is (12-3)/'9 =1 amp. To find the voltage across a-b,
start at b and travel any path to a and add up voltage rises. For example, for the path through
through the 12V source: 12 - 6 + 6 =12V. (Note that the 6V source till contributes to this
voltage even though it isin an open path.) Or we could take the 3V path: 3+ 3 + 6 =12V. So the
voltage is 12V,

To find the Thevenin resistance, turn all independent sources to zero. The three resistors
may be combined to look like 5£) from terminals a-b. The Thevenin equivalent circuit is therefore
a 12 volt source in series with a 5L resistor. This may now be reconnected to the 10 resistor after
which, the voltage divider formula may be used to find the voltage across the 1£2 resistor.

11[3-_{—11 =2V

S EE.E.
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3.2 Norton's Theorem

L.AN. L.P.N.

-

e | e T T T ITE T,

Figure 11 Development of Norton's Theorem

In avery similar devel opment, we can prove that any linear active one-port can be
replaced by a current source in parallel with the network with all its independent sources turned
to zero. This provides a second way to obtain an equivalent system. The short circuit current can
be found by placing a short circuit across the LAN terminals and measuring the current flowing.

Statement of Norton's Theorem for electric systems:
Any linear active one-port network can be replaced by a single current source, equal to
the short circuit current of the one-port, in parallel with the network in which all independent
sources have been set to zero.

Exile
Nework Nonon Equivalent
¥ : E .1
v R 3R, M Y qyRR
1 E R Ry +Ra
;b o

We want the Norton equivalent of the network on the left between terminals a-b. Apply a short
across a-b. The current in the short, Isc = V/R1 (no current takes the R2 path because of the
short). So the Norton current source is V/R1 When the independent source is turned to zero, the
network on the left has parallel resistances R1 and R2 between a-b. Thisisthe Norton
resistance on theright. .

An example we have seen before which now can be described in terms of Thevenin and
Norton equivalentsis the simple source transformation given in Figure 10, below. The conversion can
go in either direction. The circuit on the right is the Norton equivalent of the one on the left. The
circuit on the left is the Thevenin equivalent of the one on the right. The transformed source circuit is
equivalent to the original in that it supplies the same output current and voltage to any load connected
to it at its terminals. However, neither the resistor of the transformed circuit nor the new sourceis
equivalent to the original. For example, note that under open circuit conditions, the voltage source
equivalent has no current in R, but the current source equivalent has | flowing in R. This conversion
can be used to convert to al voltage sources or all current sources in preparation for loop or nodal
solution.
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v® v 1(® R v

Figure 10 Source Transformations are Thevenin-Norton Equivalents.

3.3 Maximum Power Transfer Theorem
Suppose we connect a resistor, Ky , to the output of a linear nerwork as shown in Figure

11. IERL--D{shnrﬁngthetcrminﬂs},mpnmrnﬂlbedrnmﬁ'nmthenemrurk(iIRinzﬂ]. If
thl:mi.'amrishﬁnh{mrﬂnﬂsmupm}agﬂ,nupwaﬁﬂkhm{#&:ﬂﬁﬂ. If
power out of the network is zero for By =0 and again zero for By — e, there must be a valoe of -

R; between 0 and = for which a maximum power is drawn (proved by Rolle in 1691). ‘What
value of Ry draws maximum power?

Figure 11 RL draws maximum power when it is set equal to Rth.

To answer this question, replace the general nerwork in the left panel of of Figure 11 with
its Thevenin Equivalent, shown in the right panel. The current flowing to the load resistor is

V(R + R;). Poweris I°R; so,

I/
P= R

[Rin + R ]2 (4)

To find the value of RL which draws maximum power, differentiate P with respect to
RL and set equal to zero:

_ﬁt -vmz ER_H'I_"RL]:-RLI[R!I]"'RLJ =
dRL [Rep + Ry ]* 5)

Solution of Equation 2 for RL yeilds the condition for maximum power transfer
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network:

RL = Rth for maximum power transfer. (6)

Equation 3 implies that even when maximum power is being drawn from a practical energy
source, it represents only half of the power generated internally. The value of the maximum
available power from any system can be found with reference to Figure 11 with rL = Rth:

2 2
Puax =i2Rp = —Y0& - Ry = o
[ER]_]E 4RL
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Chapter 7 Problems

1. Solve for voltage Vr by nodal methods. (Answer. VrR=-36/9 volts)

2. Solve for current i by loop methods. (Answer: i =3 amps)

10 Eﬂé

I+

v

6y

2Q

3. (a) Wnite a set of nodal (vertex law) equations sufficient to solve for the node voltages.
(b) Write a set of loop (path law) equations sufficient to solve for the loop currents.
(c) If all resistors are 1£}, 1; = 4a and [, = 1a, find the voltage across Rs.

()
N\
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4. (a) Using loop methods, write a set of equations sufficient to solve the circuit below for vab.
(b) Using node methods, write a set of equations sufficient to solve the circuit below for
vab. (vab must appear somewhere in the equations.)

lR
5
E.

Ry Ry |
AN o8
+*
=0 b

5. Find the current labeled i in the circuit below using (a) loop and (b) node methods.

(1)

i,
ANy
202
2Q
3A(T
® W
310} EAY
6. Find the voltage across the 3Q resistor in the circuit below.
1Q 20
4Q

30 3A(1) o (H)3v
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7. (a) Find the current in the 150 resistor. .
(b) To what value should the 15 resistor be changed to draw maximum power?

—Wv
12Q
6V .
&

e
6Q
oA %159 309% A

8. (a) Find the Thevenin equivalent of the circuit below between terminals a-b.
(b) A resistor, RL, is connected at terminals a-b. What value of rL will draw the
maximum power from the circuit at terminals a-b? What power will it draw?

AAA-
1Q

10
A A o8

" d:) - 20

o b

9. For the circuit shown below,
a. Find the Thevenin and Norton equivalent circuits berween terminals a-b.
(Ans.: Thev: V=972V, Ry, = 9/8 Q)

b. What resistor, connected to terminal a-b will draw maximum power from this circuit?

(Ans: 9/8 Q)
c. What is the maximum power this network can deliver to the resistor of part b?
(Ans: 92'W)
AN
60
602 30
AAA AW -8

A A 20 .
BA
b
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10. Find the value of the current, i, flowing in the 20 resistor of the circuit below.

o

g0 28 o

AN AAA——
=ik

1
‘WC"_P 40 (*T)zv

11. Write a set of equations sufficient to solve for vab, the voltage across terminals a-b in the
circuit below. To be capable of solving for vab, this variable must appear in at least one equation.

AAAF——ies g

12. Find the Norton equivaent circuit between terminals ab.

A
10
201 162
A MWA——L
10
281
v
]
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13. A source of water flow is the reservoir-pipe system shown below. The pipe carrying water from
the pressure source to the valve has resistance. Measurements made at the outlet end of the pipe
show the following: with valve V closed, pressure inside the pipe is Po. With valve open and steady
flow Q1 coming from the pipe, pressure inside the pipe near the valve fallsto P1.

Assume the system is linear and that the reservoir height is not affected. Determine two equivalent
models (one using an A source and one using a T source) for this source.

pressure measured here

14. Power is transmitted to your house from your own personal electric generator 1 mile away.
You measure 120 volts at the wall socket when no appliances are connected. That voltage drops to
118.8 volis when a 500 r:sis.mrii'p]uggud in. An electric heater is to be constructed for your

house. What would be the best resistance for the heating element?
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Systems Chanter 8 Study Guide

Zero and First Order System Solutions

A. Concepts Addressed By This Topic

1. Review of mathematical functions used to represent system signals.
Exponentials, sinusoids.
2. Natural and forced response of first-order systems.
Time constant, impulse and step response, initial conditions.
3.t =0+ conditions for A- and T-type elements.

B. Introduction

We have derived mathematical relationships between the across and through variables
of ideal, lumped elements of common system types. We have also developed ways of
obtaining differential equations of system behavior when the system is represented as the
interconnection of several of these ideal elements. We are now ready to look at methods of
solution of these system equations.

The differential equation or set of equations we have obtained equate terms containing
derivatives of adesignated system variable y(t) (called the output or the response of the
system), to terms containing an independent forcing function, x(t). In the next two chapters, we
will study the solution of equations resulting from zero, first and second order systemsin detail.

The solution of alinear system equation is an expression for the complete response, y(t).
This expression can usually be separated into two parts, found separately. One part, the natural
response, yn(t), results from the system's internal structure and is independent of the forcing
function. It may be determined by setting x(t) to zero. The system equation with x(t) =0 is
homogeneous in that all terms contain y(t) or a derivative of y(t). For first order systems, the
natural response usually exhibits an exponential decay. The forced response, yf(t), isa
function
which satisfies the system equation when a particular x(t) (non-zero) is present. Because of
linearity, the complete solution must be the sum: y(t) = yn(t) + y f(t) since thisis the sum of
the responses to the two sources, x(t) and O, acting together.

C. Instructional Objectives

A student who masters this material will be able to

1. Define time constant for exponential functions. Find the time constant given a graph or
expression containing an exponential function’

2. Determine thet = O+ value of the A or T variable of A- or T-type elements after a
switching action.

3. Solve for the natural and forced response of first order systems to singularity function driving
forces.

D. Study Procedure
Read Chapter 8 of these notes.
Additional material can be found in Reference 11, Sections 12-1 through 12-3. Also
Sections 20.1 through 20.6 of Thomas & Finney calculus text.
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Chapter 8
Exponentia Function and

Zero and First Order Systems

Exponential Function
The solution of linear system equations amost always includes exponential functions

time of the form ¢, Before we study procedures for solving the equations of linear systems, we
will take some time to investigate these functions which commeonly occur whenever a quantity is
increased or decreased at a rate which is proportional to the existing amount of the quatity. One

example is the growth of principal on an investment, )
Suppose you invest some money, P, at 7% simple annuval interest. This means that after

one year, you have (1+.07)P. If you leave all this money in the bank for the following year you
will have (1+.07¥1+.07P. So aftern years you will accumulate (1+.07P P. A general formula
for the multiplier of your original investment 1s:

M = (1 + interest rate per period)total number of compounding periods (1)

Although interest rates are specified on a yearly basis, some banks compound payments
in a shorter time period, for example, monthly or daily. In these cases, based on Equation 1,
your investment is multiplied by:

monthly: (1+11012Y
daily: (1+1/365)365Y

Here, | isthe yearly interest rate so we must divide by 12 or 365 to get the interest rate
returned in each compounding period. Y isthe number of years so we must multiply Y by 12 or

365 to get the total number of compounding periods.
Define h asthe interest rate per compounding

period:
h =interest rate per year/number of compound in
periodsin ayear

The numerator of (2) isl. Therefore,

Number of compounding periodsin ayear X (3)

So the total number of compounding periodsis 1Y /h. Use this quantity as the exponent
of Eauation 1:

M =]:1+]1]IE~L (4

In general, the more rapid the compounding (smaller h), the faster your money multiplies
(larger M). In order to lure investors, some lending institutions offer "continuous' compounding.
By this they mean that the compounding period is to be shortened not to hourly or to a second,
but to approach zero! What will the multiplier be then?
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. Ir
Mo = hﬁ*_“m [(1 + h)}-’] o

Equation 5 gives the multiplier for continuous compounding. The IY part of the
exponent has been taken outside the brackets since | and Y do not affect the limit. Now any
good calculus book (or Maple's limit function) will show you that

(1 +h)'.!i] =€
(6)

where ¢ is the base of the natural logarithm, 2.71828182..., an irrational number. So
continoous compounding means your money is multiplied by the factorelY,

i |
h—0

The above development illustrates just one instance of the many appearances of the
constant, &, in ordinary calculations. The exponential ¢¥ will be occurring over and over in the
solution of system equations (5 is a constant and t is time). For this reason, we will pause here to

discuss this function in some detail. Remember that e is approximately equal t0 2.718. Examples
for various s values are given in Figure 1, below:

sreal
& & ult)
s<0 1 \
&t € uft)
s=0
1 l 1
& glu(t)
s>0

Figure 1 Waveforms associated with real values of s

Another form of the exponential which occurs often is A[1 - e51], with s negative real. Itis
pln-ttﬂ:lfﬁl.!rl.mﬁgm: 2. Note that all of these functions can be made to start at 1=0 by multiplication by
astep tion.
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5 negative, real

This pant can be removed
by multiplication by w1

Figure 2 The function A(1-e5t) fors<0.

Time Constant
Figure 3 plots the function K €5t u(t), for s real and negative. Define a new constant,

T = -1/s so that the exponential function can be written as shown in Figure 3. 1 is a positive
number called the time constant. Att =0, the function jumps from 0 to value K because of the step

function. It then decays back toward zero. When t =1, the value is down to K e-1,which is

approximately 0.368 of its initial (t = 0*) value, K. So the function decreases to about 37% of its
initial value in one time constant.

K_

L t

: 1 |
0 T 2T 3T 4T 5T

Figure 3 Exponential Decay showing time constants

It isaproperty of exponential decays, that equal per cent changes occur over equal time
periods, regardless of where you start measuring. This means that a new 37% decrease (from
Ke-1) occursfrom r to 2T, and then from 2i to R, etc. A table of values at each integer time
constant multiple shows that the decay can probably be considered complete (for practical
purposes) after 5 time constants.
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Table 1 Fraction ofinitial value remaining after each time constant

rlmﬁnd.liuu___n""n'
T 68
2t .135
3t 050
4ar 0183
5t 0067

_ Examples: 572000t u(t) decays in approximately 2 ms; 10e°0-1t u(t) requires
approximately 50s o disappear. (Both look exactly like the curve shown in Figure 3.)

Exponential decaying functions result when the quantity being measured is diminishing
its own source. Examples are given in Figure 4. On the left, a charged capacitor discharges
through aresistor. On the right, afull reservoir discharges through a narrow pipe.

Current i is proportional to voltage Flow Q is proportional to pressure, P
which diminishes as current flows: which diminishes as volume
(head) decreases.
t=0
v R '}
. 1
Vo= C R §
Retarding force is proportional to  proportional to t
velocity which diminishes as force inIc)iaxg;er.or';‘or;ueor d?rxfinishes
acts. as spring unwinds.
Uy

viscous friction between  Twisted b damping
retarding force . sliding mass and plans elastic shaft

Figure 4 First order systemsin which across and through variables both exhibit exponential decay
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All the systems of Figure 4 have only one energy storage element (either A or T-type)
and one D-type element. This makes them all first-order systems. Note that none of these
systemsis driven by an external forcing function (x(t) = 0). This means that only natural
behavior will be evident.

Example: First-order system driven by a zero forcing function:
A capacitor is charged to Vo volts, then attached to aresistor at t = 0. Find the
voltage across R, v(t), for al time.

i
1) T C
Solution:

Before the switch closes, the resistor voltage is zero. After the switch closes, the
vertex condition at the top node says that currents down through C and R must add to zero.

N
=

CdL+Rv 0 or R.{,'_'“:h+1«I 0

We can solve this equation using separation of variables. (We will do thiswork only
once. The result will be used in al subsequent first order cases.)

d:'l"_ = . _I_ d.!
, v RC
Integrate both sides:

w(t) [
ﬁﬂ}‘-’ RC o

Inserting limits produces In of aratio:
YO o_ oL
v(0) RC

Take the antilog and multiply by v(0):
1

v(t) = v(0) e RC  u(t)

The result is multiplied by u(t) because as the problem was defined, we know the solution
above does not apply for t<0 (the switch was open). We aso know that the resistor voltage was
zero for t<0 so we force this with the step function. What is v(0)? The resistor is experiencing a
voltage jump at thisinstant from O to Vo so the value of v(0) is not clear. What we need isthe
voltage the transition because this is the value from which the decay will take place’ We
know that since the capacitor is an A-type element, its voltage cannot change instantaneously
unless an impulse current is present. Thisis ruled out by the resistor. Since the capacitor was
charged to Vo volts at t = 0- (just before connection), it must still have thisvoltage, VO, at t = 0+

Zero and First Order Systems VIII 6 © T.W. Moore 1992



(just after connection). So v(0) in the solution above, isVO.

The time constant of the exponential decay is T = RC. The time it takes for the resistor
voltage to be negligible compared to its initial value is then approximately SRC. For example, if C
is 1 microfarad and R is 100,000£2, it will take approximately 0.5s for the decay to be “complete”.

Vo VH(t)

¥e
2

Generalization to al First Order Systems:
If the equation for the unknown (V) iswritten so that it appears with a unity coefficient,

v,y =
RCdt+v 0 ®)

the time constant appears as the multiplier of the first derivative' In amore general
form, thisequation is

ay . .
T ty=0 ©)

where y stands for the unknown variable and t stands for the time constant. As we
have already determined, equations such as this have as a solution,

g:KE'% for 120 (10)

Natural Response

This solution is called the natural response (designated vn) of the system because the
forcing function (right-hand side of the equation) is zero. The response to a zero forcing function
depends (except for K) only on system parameters.

It isimportant to realize that the across and through variables of al elements in the system
also follow this function. For example, current magnitudesin R and in Care both equal to

iﬂ_ -1
R g RC (11)
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First-Order Systems with Forcing Functions Applied

Of course, most systems do not simply react to stored energy, but instead are driven by
specific A or T type sources called inputs. We often are interested in a particular variable of the
system which is called the system's output. When a source is present, the output response will
have two parts. One part, called the forced response, will have the form of the forcing function.
A second part, the natural response, will be determined by system elements as in the above
example. We will illustrate this using the same RC system above.

i) vy
(input) ROTC (oupu)

Figure 5 RC System with Forcing Function

The equation relating input and output variablesis

ity = 0¥ 4 L
i) =C4 *R (12)

where i(t) is the forcing function (input) and v(t) is designated as the output.
Sug'gas: i(t) is zero. Can there be an output? Yes. We found above that the voltage of the

form Ke “VRC can appear across this system with a zero i(t). (Note that this voltage produces
equal and opposite currents in K and C.) This responsé to a zero forcing function is called the
natural response of the system.

Suppose i(t) is non-zero, equal to A u(t). Then for o0,

A=CH*R (13)

A solution of thisequation isv equal to a constant, AR. Thisv is called the forced response,
designated v f, because it is the v needed to satisfy the forcing function of the equation.

If we now add Ke’mctuvf. we are adding zero on the right side of the equation, based on our

previous example. So to provide a general solution, we must add the natural and forced
COMPONENts: ¥ = vy + ¥y

-
vit) =vp + vp = AR + KeRC |, t>0 (14)

Weknow that at t = 0+,v=V0so AR+ K =V0,or K =Vo-AR.
Then the compl ete solution for the voltage after the step function driving forceis applied is

=L
vit) = AR + (Vp - AR)eRC |, 1t>0. (15)
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This can be expressed in a general way which fits al first order systems driven by a
step function:

L
Response = Final Value + (Initial Value - Final Value) €%, t>0.  (16)

Unit Step Response

A specia case of the system responses we are studying hereis the unit step response of a
system. By definition, thisis the response which occurs when the system initially has zero
energy storage, and a unit step forcing function is applied at the input' For the earlier RC
example, the result has already been found in terms of the input step function magnitude, A.
Now, if A=1, the unit step responseis

-1
l|j.eRCE
R [ l1-e u(t). amn

Example:
For the system below, the across variable of L is defined as the output. Find the unit

step response.
24

W A NS

{inpuﬂ© l ;L (output)

0=

Solution:
A path equation gives u(t) = Ri + L di/dt. But we need an equation in terms of v,

since thisis chosen as the output. We recognize that

1= -LJ vdr
= (8)

Substituting this for i gives the equation in terms of

ult) = E‘—f vdf + v
(19)

To obtain the natural part of the response, we need the homogeneous equation (zero forcing
function)' Sinceit is clear that the system isfirst-order, we know the natural solution for t>0 isK

e VT Differentiating Equation 19 when u(t) is replaced by zero gives

=dv . B
0 d1+L1'r (20)

We see from this that the time constant, ,r, is L/R. So the natural response
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Rl
¥m =€ L (21)

For the forced response, we can consider Equation 19 for t very large. By thistime, the
natural response has died away and v=vf. We expect of to be a constant because the forced
response has the same form as the forcing function. Based on Equation 19, if v f * O, the integral
will continue to grow. Therefore, for this case, the forced response is zero. (Another way to
determine thisisto realize that in equilibrium, with a constant forcing function, al variables
become constants. In this case, Ldi/dt must be zero.

The complete unit step response is then

v(t)=vy + v = AeRVL 4 g, (22)

Our remaining job isto determine A. To do this, we use the conditions at t = 0+. In a T-type
element such as L, the flow variable cannot change instantaneously unless an impul se appears
across the element. Therefore, for this case, theflow in L at t = O+ must be the same as it was at
t=0-. Att =0-, the flow was zero (the system was dead)' So the current iszero at t = O+. If
current is zero, no voltage appears across R (VR = iR). Therefore, at t = 0+, the 1 volt step all
appears across L' That is, vL(0+) = v(0+) = 1. Then from Equation 22, A =1. Finally, the unit
step response of the RL system is

vil)= € Bt u(t) (23)

u(t)

o —=

I

We may now formalize a method for finding the response of afirst order system to
a constant forcing function:

For equations of the form Aun(t) = a ?j—::' + @y

1. Find the time constant T = %. More: This will always be;eime:-IR- or RC

2. Find theinitia (t = 0+) value of y, y(0+). (Thiswill sometimes be given.) Usethe IC
rule: the variable which determines the energy storage cannot change instantaneously unless an
impulseis present. If an impulseis present, the change in the variable is 1/C or 1/L timesthe
Size of the impulse.

3. Determine the final value of y, yi(e=) = Afa,;. (By assuming dy/dt becomes zero
eventually.)
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4, Solution is y(t) = y(final) + [v(initial) - v(final)] e VT,

Final 4

Initial
0 t

Figure 6 Response of first order system to step change

Examples:

1.The flywheel (moment of inertia=1) shown below is coasting and slowing due to friction
and has reached an angular velocity of coo at t=0. The bearing friction may be considered to
be ideal viscous damping of coefficient b. Att =0, atorque, T, is suddenly applied to increase
the flywheel's angular velocity. Find w, the angular velocity of the flywheel, for t>0.

Solution: Thefirst step in the solution isto model the system using ideal elements. In this
system there is one angular velocity (that of the flywheel), so we know thereis only one node in
addition to the reference node. There are two ideal elements (flywheel inertia and damping) plus
an ideal T-type source (Torque). Draw the two ideal elements between the velocity node and the
reference node. The source must also connect between these nodes.

® -
\\m

We can now write a node equation for this system:

=7 d®
T ul(r) Idt + b w
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|. By considering the homogeneous form of this equation (zero on the left side), we can

find the ime constant, T= I/b.
2. Att=0 weare told the flywheel had an angular velocity @y, Using our continuity rule

for A-type energy storage elements, we can say that the angular velocity at t = 0% must still be ey,

In other words, w(0).= i

3 Thefinal value of w is T/b. Thisis obtained by evaluating the system equation for
large t when all derivatives will be zero.
4. Using Equation 16, the

b
- =t
o =TI +(0-Iye! | t>0
[ b T b
Notice that the forced part of the response is the same form as the forcing function
(first term, a constant for t>0), and that the natural part of the response is the exponential form
dictated by the first order system.

2. The mass, m, shown below has avelocity of VO m/sat t = 0. The viscous friction
coefficient isb. Find its velocity for t>0.

bl [l

e N L

RN

Write avertex law equation at the top

= m v
ﬂ-—-mdt + bv
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Rearrange the constants to get the form of Equation 9:

0 m dv

== -=— + ¥

b dt

We recognize the time constant T =my/b. The solution to this homogeneous equation is
b
m'

vil) = v“{tj = ‘i-'ﬂt =0,

Note that since there is no forcing function (source element), the system exhibits only
its natural response’ Also notice the statement t > 0, which is necessary because we have no
information about the behavior of the system prior tot = 0. In this case, it is not correct to use
a step function because this does specify behavior for t<0.

First order, stemswith other than constant forcing functions:

Obvioudly, there are many possible forcing function waveforms beside constants or steps. In
these cases, we cannot always find the forced response by assuming that after along time all
derivatives are zero, as we have done in the examples above. For some cases, such as sinusoidal or
exponential forcing functions, special techniques have been devised to help find the forced response.
We will study these in upcoming sections of this course. One rule that does always hold is that the
forced response aways resembles the forcing function. That is, sinusoidal forcing

functions produce sinusoidal forced response terms. Exponendal forcing functions such as ¢
produce terms in the forced response which contain ¢, where a is not related to the time constant

of the system. On the other hand, the form of the natural response is determined by the system's
passive components as we have seen above, For first order systems, it always takes the form

K &/T, This form will appear in the solution of any first order system, regardless of the type of
forcing functon applied to the system, or the initial energy storage specifications. Since only the
homogeneous equation is needed to determine 1, this part of the response is independent of the
forcing function.

Zero Order Systems

Before we move on to study systems of higher order, we should say aword about zero
order systems. Remember the simple rule for determining system order. differentiate or integrate
through the system equation until no integrals of either x or y remain, but so that at |east one
term contains either x or y undifferentiated. System order is then the highest derivative of the
dependent variable, y. A zero order system is therefore one whose equation takes one of the
forms below:

y(t) = K x(t)

- ﬂ
yil) = a dr + bx
n .
or, in general, y(t) = E ;iﬂ_l.Ei.
i=0

where any of the ai can be zero. So the output of a zero order system is made up of ssmply the
forcing function and/or its derivatives. Therefore the system has no memory. The output at
any instant is afunction of the input at that instant only. This means a zero order system does
not exhibit a natural response, only aforced response.
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Chapter 8 Problems

I" Solve each of the following equations for y(t), good for t > 0. Estimate how many seconds are
required for each system to reach steady state.:
3dy/dt+2y=0; y(0) =2
5dy/dt - 3y =0; y(0) =3
dy/dt + 3y =6 u(t); y(0) =0

2. For each system below:
(a) Draw adiagram using generalized symbols.

(b) Determine the output if the input function is Au(t) and all systems have no energy
Storageatt=0.

B
{1 I__In; j
T— Inpat T, cutput 22
K ¥
W
wit CT v(t) Inputwn), owpuiv,(y

Y
F—+ e— m —-—D—% Input F, ouput v
h

(c) Repeat (b) if 2J of energy is stored in the energy storage element of each systematt=0.

3. Two water tanks are joined by a pipe at their base as shown below. The pipe has aresistance
to flow of R. The tanks are of equal size and each introduces afluid capacitance, C. A valvein
the pipe which was closed, is opened at t = 0. Approximately how long will it take for the water
levelsin the tanks to equalize? Explain how you arrived at your answer.

Fluid resistance of the pipe: R = 1000 Nes/m?
Fluid capacitance of each tank: C=0.1 m /N

N AT ATAS AT A
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Systems Chanter 9 Study Guide

Second Order Systems

A. Concepts Addressed By This Topic
1. Review of mathematical functions used to represent system signals.
Complex numbers, sinusoids.
2. Natural frequencies of second-order systems.
Ddistinct, repeated, complex roots of the characteristic equation.
3. Specia parameters: Damping
Damping coefficient, damping ratio, undamped natural frequency.
4. Complete response with constant forcing functions.

B. Introduction

The differential equation representing second order systems results in a quadratic
characteristic equation. Therefore, we can expect two roots instead of the single root we found for
first order systems We will find that the exponential function again is the form of the natural
solution, but now two exponential termswill be required. Furthermore, since the roots of a quadratic
equation may be complex conjugates, or repeated, we must investigate the resulting solution these
forms produce. We will find that in addition to the exponential decay form found in first order
systems, we now have the additional possibility of oscillation in the natural response.

Exponential functions and sinusoidal functions are related by Euler's Identity. Thisidentity
leads to a new way (phasors) of handling sums and differences of sinusoids. The exponential
multipliers of t which occur in the natural response will be associated with such physical attributes
of the response as time of decay and frequency of oscillation. These multipliers are easily obtained
from the coefficients of the original equation, making it possible to predict much of the natural
behavior of second order systems without a complete anal ytic solution.

Each forcing function produces a response particular to that function. Certain functions are
convenient for studying a system's behavior. These include the unit step, the unit impulse, and the
sinusoid, among others. We will determine the unit step and impul se response of second order
systems in this chapter.

C. Instructional Objectives
A student who masters this materia will be able to
1. Define amplitude, frequency, period, and phase angle for sinusoidal functions. Find these
guantities given exponential or sinusoidal expressions.
2. Use complex phasors to determine the result of arithmetic combination of sinusoids. Use
Euler'sidentity to convert between complex exponential and sinusoidal expressions.
3. Determine the "complex frequency” of sinusoids with exponentially changing
amplitudes Relate pointsin the s plane to these frequencies.
4. Find the damping ratio and the undamped natural frequency of second order systems.
Determine the level of damping (over, under, critical).
5. Determine the complete response of second order systems to singularity forcing
functions.
D. Study Procedure
Read Chapter 9 of these notes.
Additional material can be found in Reference 1, 6, and 8.
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Chapter 9
Second Order Systems

The methods we will use to solve second order systems are very similar to those used with
first order systems. Some additional complexity will be introduced because the characteristic
equation now has two roots (a quadratic), and two initial conditions are required (because there are
two energy storage elements). However, the procedure of determining the natural and forced
responses and adding them is still valid.

In first order systems, the root of the characteristic equation, s, was aways real. With second
order systems, the two s roots may be complex conjugates. We will see that complex roots introduce
another time function which is very common to linear systems: the sinusoid: In systems of second
or higher order, sinusoids are often part of the natural response. A simple mathematical

relationship (Euler’s Identiry) exists berween the sinusoidal function and 5%,

1.1 Review of Complex Algebra
A complex number issimply a number pair. Unfortunately the names "real part" and

"Imaginary part" have been adopted as the names of the two parts of the complex number. The
names do not mean that either part is more authentic than the other.

Since a complex number has two parts, the most convenient way to represent it graphically
isasapoint in aplane. We can use the horizontal (real) axisto indicate the first number of the pair
(the real part), and the vertical (imaginary) axis to indicate the second number of the pair (the
imaginary part). Figure 1 shows how the complex number (5, 3) can be depicted on the complex
plane. (Here, italics are used to designate the imaginary part.)

imaginary

Figure 1 Graphical Representation of a Complex Number

In order to define mathematical operations which involve both parts of complex
numbers, we need. to express both parts in terms of one number type. To do this, we define an
operator, j, which has the ability to convert areal number to an imaginary number of the same
magnitude. j operating on real number, a, convertsit to imaginary number, a. That is,j a=a

1mag
(5, 7)=(5,13)=(5+j3)
B3 ::;]3
x , real

Figure 2 Use of Operator |
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So complex number (5, 3) can be expressed (5, |3). Graphically (Figure 2) we see
that thisisthesame as 5 + j3. That is, 5 unitsin the real direction plus 3 unitsin the
imaginary direction.

The effect of operator j isarotation of the number operated upon by 900 in the complex
plane. Figure 3 shows this effect of operator j , rotating the point at 4 on the real axisto the
point 4, or j4 on the imaginary axis.

imag
j 4 ...,

real

4

Figure 3 j Operator Rotates Point 90°

Suppose we operate a second time with j:

imag
ja
- “'_-._“‘_‘-\_"' ""-.\,
.II_- i '.IIL-
/ \
¥ real
j(j4) = -4 4

Figure 4 j2 Equivalent to -1

Figure 4 indicates that j(j4) rotates the point rwice 90° to the negative real axis where it falls
on the value -4. So operatng with j twice {j‘?'} is equivalent to multiplication by -1. Even powers
of j can therefore be converted 1o +1 or -1. Odd powers of j can be converted to +j or -j. Some
examples: j*=1, ?=-j, jl=-j.

Since use of the j operator permits both the real and imaginary parts of the complex number
to be expressed with real numbers, we may now apply all the wsual rules of algebra to
combinations of these parts. (We will use bold face type to indicate a complex number.) Given
that complex number Zy =a + jb, and £+ =c¢ + jd, then

Z1+Z2=a+c+] (btd)
Z1-77 =a-ctj(b-d)
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Ilzz=ar:+jh-:+jad+j1bd= {ac - bd) + j (bc + ad)
Ly a+jb

Z, c+jd

To separate real and imaginary parts of Z IJ"I-;. multiply by (¢ - jd)(c - jd). Note that (¢ +
jd)(c - jd) = c2 + d2. This process is called rationalizing the denominator.

a+jb c-jd _ (ac+ bd) + j(bc - ad)
c+jd c-jd 24 d

Polar Form
If we use atwo-<Hmensional graph to plot complex numbers, it is possible to locate a

given point given itsreal and imaginary parts. A second way of locating the same point is by
specifying

adistance from the origin (the magnitude M of the complex number), and a direction (the angle
8 measured from the positive real axis). A shorthand way of designating magnitude M and angle
angle 0 is M_-6_

imag
A :P = A £8
1A sing
8 "
' real
Acosp

Figure 5 Complex Number in Polar Form

By geometry, we can derive the following relations using Figure 5 (absolute value
bars indicate magnitude of the complex number):

A=y a + h2 = |Z|

= tan-1 B

o= ®
Inversely,

a=A coso

b=Asin6 (2)
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1.3 Euler'sldentity

A mathematical relation called Euler's Identity is used extensively in systems and signal
analysis. It enables the conversion of harmonic functions between exponential and trigonometric
forms. Consider the complex number P =M angle 0 of Figure 5:

P=AcosH + ) Asin® >

dP _ A[-sin® + jcos®] = jA[cosB+jsing] = jp

de
dP .
= = d
p -1 ()
I‘g’:jdﬂ
InP =j8 + K (5)

We can evaluate K by choosing any convenient angle for® (such as 0% or 909), If 8 = 0,
P=Acos0O+jAsin(0 = A Then Equation 5 says that

K=InA (6)
S50, InP =InA + jB
Taking antilogs,

P = mA*E) _ na J8 _ , 8
Substmeing from Equarion 3,

P =Acos8 + jAsing = Ael® (orAaze) (9)

Equation 8 is known as Euler's Identity.

By changing signs on 8 and repesating the above development, we can show that

Acos® - jAsin® = Ael® >

Addition and subtraction of Equations 8 and 9 yield other Euler

6 -j@ 3] -j8
cos B = EJL gin @ = 'EJ__'E
2 2j (10)
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2. Second Order Systems

A second-order system has two independent energy storage elements' Independent in this
case means that the A-type variable of any A-type energy storage element, and/or the T-type
variable of any T-type energy storage element may be set independently’ An example of a
nonindependent pair of energy storage elements would be two masses connected together so that
they have one common velocity. Another example is given in Figure 6. Two inductor-type
elementsin series must have the same T variable' Therefore, this configuration does not
represent two independent energy storage devices. (Two such inductances could be combined to
giveasingleinductor, L1 +L2.)

ift) ——

Figure 6 Equivalent Inductances. One independent energy storage element.

When the system has two independent energy storage devices, the resulting second-order
equation cannot be solved in exactly the same manner as that used with first-order systems. To
illustrate the procedure, we will solve a representative system under several conditions.

v(t)

i

tt) (1) RE L3 ¢

Figure 7 RLC Parallel System

Apply nodal techniques at the top node of the system of Figure 7:

—cdv 1 1
m}_cdt + R v o+ Ljvdl 1)

We divide the solution of this equation into two parts. Suppose f(t) isturned to zero. There
could still be anon-zero v(t) across the system if it causes the three terms on the right to add to zero.
Such av(t) is caled the natural response of the system, vn(t). (It is the solution to the
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homogeneous differential equation.) Since Vn(t) produces a zero on the right side of Equation 11,
there must be an additional part of v(t) which produces avalue equal to f(t). Thisis called the
forced response, v f (t). The total response of the system is therefore

v(®) =v (D). +vn (D). (12)

The forced response is by definition, determined by the (arbitrary) forcing function. Except for
some specia functions (constant, sinusoid, exponential) solution of the forced component of the response
can be difficult. For now, we will concentrate on finding the natural response, vn (t).

Turn the T-type source to zero in the system:

¥ _[t:l

___________

Figure 8 RLC System with Zero Driving Force
The nodal equation is

dv, | 1 1I
0= CT + v, + vt
dt R L (13)

vn, signifying natural response is now appropriate because of the zero on the left side
of the equation. Differentiating and dividing Equation 13 by C gives:

dz""n + 1 d""n 1
@ RCa T IC'

(14)

For the first order systems, we found that v, = A %! was the namral solution.. Let's try
this solution again. Substimte v, =A e5' ino Equation 4 and factor out the commaon A 5t

2,1 1
A ﬂ[ 5 +p~5 + ‘_] = {
¢ RC LC (15)
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The values of swhich satisfy Equation 5 are the roots of the quantity in the
brackets These can be found using the quadratic formula:

2
M £ I R
10 % = "ge * \/[mc) LC

We assumed the solution was v, = A e*t | but we have now found two values of s which

satisfy Equation 5. Each, if used in the exponent of A &5 will satisfy the hmmg:nmﬁs equanon
(4). For the general case, we must allow both terms to be present, so the general form of the
natural response is

(16)

vplt) = A e St+ Ay e St (17)

We illustrate with a numerical example. Suppose in the original system, C=1/12F, R=3
£) and L =4 H as shown in Figure 9

% (1)

303 HOoF

+

Figure 9 System for Numerical Example

Equation 14 now becomes
d2v dv
2“ +4—L+3v_ =0
dt n
dt (18)

Substitution of v, = A ¢ into Equation 14, and clearing of the ¢% factor yields the

quadratic equation §2 +4s+3=0 for which the roots are 51 =-1, 89 =-3. (This equation is
sometimes called the characteristic equation ). Then,

v =Ajet+A et (19)

Second Order Systems I X8 © T.W. Moore 1992



The constants A 1 and A2 can be found from initial conditions imposed on the system.
"The methods for this determination will be discussed later.
Since sl and s2 have the units sec-1, they are called "frequencies®. The natural
frequencies, SN, Of this system are -1 and -3. Since either or both of the terms of Equation 19
satisfy Equation 18 for all A values, these terms should be expected as part of v(t) eveniif a
T-type forcing function is driving the system (right side of Equation 11 not zero). For example,
if anideal current source is connected across the system, the voltage may have additional terms
(the forced response) but the terms of Equation 13 can also appear.

Equations such as (13) and their solution (17) occur in al branches of engineering
systems. For example consider the mechanical system of Figure 10 in which force is the input
and velocity is the output of athe mass, spring, damper system.

R0

MOr 2 [ x

b
~

Figure 10 Mass, spring, damper system with force driver.

The equation of this systemis

F=mﬂ1+hv+kjvdt
T

dr 20)

Note that this equation is identical to Equation 11 except for the coefficients Because the
solution of a given second order equation is the same regardless of what type system generated it,
certain constants have been defined to make such solutions more uniform. If we obtain the
homogeneous form of any second order equation such as Equations 13 and 20, and divide through by
the coefficient of the highest derivative, the result is an equation similar to Equation 21.

djv dv -

n n 2z -
dtz +1[I_E + oV, = 0

(21)

Here, new constants have been defined which apply to all second order systems. The
damping coefficient, «,is a quantity which determines the rate at which the natral response
dies cut. The undamped natural frequency, @y, is related to the frequency of oscillation of

systems which exhibit this response. For the systems of Equation 14 (roots given in Equation 16),
and Equation 20, these values are:
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Damping Coefficient o: —J1— or, -

L

2RC 2 m
Undamped Natural Frequency, wg: 1 or, ql.l'-lL
L C m (22)

For other systems or other configurations of these second order systems, the expressions
for @ and wy may be different. However, their values may always be found by comparison of the
system homogeneous equation and Equation 21. Therefore, o and @, can be found from the
coefficients of the differential equation of any second order system written in this form. The roots
of the characteristic equation in terms of ¢ and @, are:

2 2
S5, 8, = -0 % [ A
The solution for the natural response then is written:
(-a+ fo?-w,) ¢ (-a-fo?-0,?)
vilti=A e + A_ e
: 2 (24)
Constants A 1 and A2 must be determined by initial conditions of the system.
l.‘.r.I = 1 i
Note that I can be real, zero, or imaginary, depending on the relative size

of & and e,. This leads to three different possible forms for the natural response function, vq(t).
Before we develop these three forms, it will be useful to define an additional useful constant, G, the

damping ratio:
=2
=g B

dt (26)

In terms of w, and {, the roots of the characteristic equation become

1 52 ‘“n[-ﬂ’—'u' Cz‘l] (27)
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If o > wy, , meaning § > 1, the system is overdamped and the roots 5; and s, are real,

negative, and distinct. (This was the case for the system solved in the earlier numerical example.)
An overdamped system responds slowly but smoothly to changes of the input. The natural
response takes the form:

1 E-zl

§
_ 1
v“(t}—ﬂle +A.2e (29)
where sl and s2 are negative, real numbers.
If o < wy, , meaning { < 1, the system is underdamped, with complex conjugate roots.

2 _ o2

815 8, = -0 % j,/ @

1" 2
. 2
or s, EE=-1’;mnijmn-.."lr§ (29)

An underdamped system in general will respond more quickly to input changes, but
may overshoot the final value with oscillation. The natural response in this case will be of the
foam shown in Equation 20. (This form will be derived in alater example.)

valt) = Ae - cos (@yt+6) (30)

2 2 2
whee  @g= @p/1-C = Jop -0 (31)

Note that in Equation 20 the real part of the root, a., affects the rate of decay of the
function, and the imaginary part of the root, w4, determines the oscillatory frequency. Equation 21
indicates that wy, the frequency of oscillation with damping present, is less than @, @, is called

the undamped natural frequency because it is the frequency of oscillation if « is zero. Constants A
and 6 are again determined by initial conditions.

If a=uwy,,then {= 1, and the system is critically damped. In this case the roots are
real, negative, and repeated (equal).

5, 59 = -Q |:32}

A critically damped system provides the quickest possible response without oscillation.
(Note that this case is only a single mathematical point. Any real system is unlikely to be perfectly
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set to critical damping although this may be a design goal’) The natural response for the case
of critical damping will be of the form:

— ot —at
vn(t]=B e +the (33)

where B 1 and B2 are again determined by initial conditions.

Typical plots of over, under, and critically damped second order responses are given in
Figure 10. For these plots, w,, was held constant and L was varie. For the overdamped case ([ =
2}, note that the transition from the initial value (12) to the final value (0), is slow and smooth. For
the critically damped case ({ = 1), the transition takes place more quickly, but still there is no

oscillation. For the underdamped case (G = 1/8), the inidal transiton is fastest, but it overshoots
and oscillates about the final value. Often in design, it is desireable to tolerate some overshoot in

order to obtain faster response. A typical choice for [ might be around 0.7.

Figure 10 Typical over, under, and critically damped waveforms

We have seen that the three possible forms of the natural response of second order systems
{Equations 28, 30, and 33) are related to the type of roots obtained from the characteristic equation.
It is informative to plot the location of these roots in the complex plane as the damping of the

system is varied. Suppose we hold wy, fixed, but vary { from 0 to ==. (In the electric system

example, this could be done by holding L and C fixed and varying R.) Using Equations 23, 27, or
29, the result is given in Figure 11:
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§=0
iu_-_.:f- Jo,
increasing £ 7
and ot &, '
i "
i1
51 n.
E+oo {=1 o _.;"M
o Po= g gL =00
b}
't
525
increasing ':E""" '
k4 e =
and ot 5 .;_F Jup
ot =[]

Figure 11 Locus of roots as {, o vary from 0 to oo

When [ < 1, the roots are complex conjugates. This corresponds to the underdamped
condition. Note that the magnitude of either complex root (Equation 29) is a constant equal to @,
Therefore, for { < 1, the Joci form a semicircle intersecting the imag axis at jw, (when { = 0),
and approaching the real axis at - wpas § -> 1.

When = 1, both roots fall on the point - @, (= -&t), corresponding to the critically
damped condidon. The characteristic equanon now forms a perfect square and its roots are
repeated.and equal to - wy,

As [ grows larger than 1, one root migrates toward the origin, while the other moves out

on the negative real axis toward -==. This range corresponds to the overdamped condition with
two simple exponentially decaying terms in the natural solution.

Example |
Overdamped System:

In the system below, L = 5H, R = 80, and C = 1/80 F. The capacitor is charged to
3 volts when art t = (), the switch closes. Find i (t) for t > 0. (Since there is no forcing function

driving the system, only the natural voltage response is possible at any node.
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i+

Figure 12 System for damping examples

Solution:
The nodal equation for the top nodeis:

d
0= C—v“+—v +—jv dt
dt

(34)
Substitute the element values and rearrange to get:
2
d v, dv,,
— + 10— + 16 v, =0
di2 dt n
: (35)
We have defined the coefficients of a second order equation in terms of damping
coefficient and undamped natural frequency (Equation 22):
2
dwv, dv, -
5 +2EF+ l'.l.'.lﬁ‘lul'TI = 0
dt (36)
Comparison of Equations 35 and 36, and using Equation 25 yields
a=275 w, =4 L=35M4: overdamped (37)

{We recognize that the sysiem is overdamped becausel > 1.)

The characteristic r.quanumss-* + 105+ 16 =0. The roots of this equation are §=-2
and s=-K. Therefore, the natural solution is

vp)= A e 2+ Ayer 3t (38)

Tofind Al and A2, consider the initial conditions. We were told that the capacitor was
charged to 3 volts before the switch was closed. Based on our knowledge of A-type energy storage
elements, and the fact that no impulse flows will take place through the resistor or the
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inductor, we can assume that the capacitor's voltage at t = O+ isthe same asit was at t = O- (3 volts).
Since the capacitor's voltage and vn(t) are equal for t > 0, we have

vo(0) = vy(0%) = Ay + Ay = 3 (39)

We need another equation to solve for the two unknown constants, A1 and A2. The
second equation can be obtained by using what we know about changes in the other energy storage
element, the inductor. As a T-type element, the inductor's current will not change instantaneously unless
an impulse voltage is applied across it. Therefore, in this circuit, the inductor's current at t
= 0+ must bethesame asit was at t = 0-, i.e., zero amps. Now, thisis not exactly what we need, since
our eguation isin terms of the voltage across the system, not the inductor current. However, we can use
the inductor's current at t = O+ to determine the derivative of voltage' We have determined that at t = 0+,
the capacitor voltage is 3. This means that the resistor's current must be
3/8 amp downward at t = 0+. Since the inductor's current is zero, the 3/8 amp must flow back up
through the capacitor' Current in a capacitor determines the derivative of capacitor voltage which, in
this case, is the same as the derivative of vn.

dvn_k

dt C (40)

Because the charge flow is off the capacitor, the derivative is negative, equal to -(3/8) ( 80)
=-30 volts/sec.

A second way to get dv/dt is ssmply to plug what we know back into Equation 34,
evaluated at t = O+.

+

0
O) + 3 v, (O + 1 Iv“{t}dt =0
o (41)

1 d"‘"n
80 dt

The integral term is zero because the limits are infinitesssmally close and vn(t) is not an
impulse function. The second term is 3/8 because we aready have found that vn(0+) = 3. Then,
solving Equation 41 for dvn/dt at t = 0+ yields the same - 30 volts/sec found above. Now,
differentiate Equation 38, evaluate at t = 0+, and set equal to -30:

-2A1-8A2=-30 (42)

Solve Equations 39 and 42 simultaneously toget A 1 = -1 and A2 = 4. The final result
for the natural voltage appearing across the circuit is:

vi=[-e 2+ e 3], 150 (43)
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Thet > 0 designation is needed because the system equation we have solved (Equation
34) does not apply with the switch open. If the voltage across R or L were being expressed, a
unit step function could have been used in place of t > 0, since we know these elements had zero
voltage prior tot = 0. A plot of the two terms of Equation 43 as well astheir sumisgivenin
Figure 13' Note that the two components of vn have different time constants, corresponding to
the critical frequencies of the system. The contribution of the 1/8 time constant function is

over by t=.75. After this, v,, is very close o - e "%,

2 ) 1.5

Figure 13 Components of natural response of Example 1

It isimportant to note here that all variables in the system, not just the voltage, have the
same form as Equation 38. Only the constants A 1 and A2 may be different if the responseis
defined as the resistor current or the inductor current, etc. In agiven linear system with specified
forcing function locations, the A and T variables of all elements are identical except for the value of
the constants of integration.
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Example 2
We now repeat the same problem as Example 1, but with element values changed to C =
0.5F,L = 1H, and R = IN20).

:*E v(t)

v=c RS L%

Figure 14 System for Example 2

We write the same nodal equation (Equation 34) at the top node' When element values
are substituted, the equation now becomes

2
dv d
i“+z1.*z 1.r"+11.r =0
dt n
dt (44)
From which the characteristic equation is
82+2428+2=0 (45)

The expression on the left is a perfect square. The roots of Equation 45 are therefore
repeated, both equal to the negative square root of 2. The problem with this result is that we
can't use the general form of Equation 7 because that would lead us to Equation 46 which
allows only one independent constant of integration. (We know that for a second order system,
there must be two’)

. -2 {2
Aleﬁ‘+hze E‘=A.3e £ )

The problem arises because the roots are exactly equal. We know that if the roots are
dlightly different, two distinct terms will result. To find what happens as the roots approach
equality, we will assume a slight difference in the roots and then examine how the solution
changes as the roots come closer. Suppose one root is S1 and the other iss2 + .. Then from
Equation 17 we have

SI[
v. = A e +ﬁ.z¢

-[3|+E]|t
& 1

(47)
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The expansion of ¢ Bl into an infinite series is given in Equation 44&:

2.2
3l

2! e (48)

efl = 1 + &t +

Substinating this series for 6o of Equation 47 vields

= I:-A-]."'-Iﬂiz}EsI[‘i' Aj_ﬂslt (Et + 'E—_"i'lll}

i
2 (49)
HﬂWdﬂﬁﬂEEl={_ﬁ1+ﬂ1}ﬂﬂdBj=ﬁzE.
2
L 5 1
v =B e' + Bie' (1+5— +eee)
2! (50)

As a approaches zero (meaning the two roots approach equality), the quantity in the
parentheses becomes just t. Therefore, the form of the natural solution for a second order
system with repeated roots is

_ EI L 511
vn{t} = E:I e + th e (51)

Returning to the RLC circuit problem, we see from Equation 51 that the solution is

v, () = B e?2t B re2t
1 2 (52)

The values of constants B 1 and B2 must again be found using initial conditions of the voltage

and its derivative at t = 0+. Because the capacitor is charged to 3 volts at t = 0', we know that vn(0+) =

3. Substituting into Equation 24 at t = 0+ givesB 1 =3.
To find the derivative of the voltage at t = O+, substitute what we know back into the original
node equation (similar to the method usred in Equation 41 for the underdamped case):

1% 0% 4 13
=Ly +42(3)+0 =
2 dt (53

From Equation 53 we see that the initial value of the derivative is -6v2. Differentiation of
Eqguation 51 yvields
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NZAae Pt JTAate s A e 2!

2 (54)

Ay has been found to be 3. Evaluate Equation 44 att= 0% and set it equal to - 6 V2 {found

from Equation 53) to find A5. The resultis A5 =- 3 V2. The solution for the natural response is
then

vo(t) = 3¢ 712t .3 7 e 21

L0 (55)
This function is plotted in Figure 15.
3
1.5 3 45

Figure 15 Critically damped vn(t) from Example 2

Example 3
Underdamped Case

We repeat the same example with new clement values. A capacitor, to 3 volts is
connected to a parallel RLC circuat at t = 0. This time the element valuesare R =169, L = 10 H,
and C = 1/1690 F. The circuit is again presented in Figure 16.

_f" v,(t)

=c R3 L%

3V

I'"'l|r
1

Figure 16 System for Example 3
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The differential equation for vy (1) is again

dv 1 1
= —n . 1 1
0 Cdt +Rv“+LJvndt
(56)
Differentiate and divide by C:
dzv“ dv_
5 + 1{]"{1— + 169 = 0
dt t
(27)

The values of ot, §, ty,, and 6y can be obtained by finding the roots of the characteristic
equation, 52 + 105 + 169 =0, which are - £ j @y , and from the coefficients of Equation 57,
alungnd:thuaﬁunsIIand!nri'ﬁ.FrmnEquaﬁunEﬁmmﬂmtmﬂ-H. The roots of the

characteristic equation are -5+ j12. Therefore, &z = 5§, g = 12, and { = 5/13. Before proceeding
with the numerical solution, we will investigate the effect of comple conjugate roots:

For complex conjugate roots, we have defined o and wy such that
5150 = -0  joy (58)

The solution for the natural response is then

I . ' -0t - §
vn{t}=A1=51 +A2¢szl=ﬁlemﬂm"t+ e
(39)
Factoroute
-t + jat - ot
V() = e (A, ¢ +ﬁ.2e1*’}
(60)

Now use Enler's ldentity to covert to sines and cosines:
— a0t - . . .
vyt =e (Al cos @t +j A, sin @t +Az-::us mdt-JA251nmdt}

v,(t)=e ‘“‘[{Al +A))cos @t + j(A- A) sin ot ]
(61)
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Define new constants By = Ay + Ay, and By =j (A - Ag)

v (t)= e O [Blcnsmt + B sinmt]
! A (62)

Equarion 62 can also be written in the form of Equation 20:

V() = Ke "™ cos (wgt+8) C o (63)

B
where K = B?+E§ andE=-tau']E—1
1

Now rerurning to Example 3, to solve for v (t), we can use either Equation 62 or 63. In

either case, we must evaluate two constants (B and B, or K and &). Usually, the easier one to
use is Equation 62. Again we use initial conditions to find these constants. Because the capacitor
is an A-type element, its voltage at t = 0% (and therefore v, (0*)) will be 3 volis, Equation 62 att =

0is3 =B,. For B; we need the derivative of v;(t) at t= 0", Once again, there are two ways 1o

get this value: from a consideration of the system elements and from the system differential
equation.

‘When the capacitor is connected, its 3 volts causes a 3/169 amp current in the resistor att =
07, No current flows in the inductor because of the rule concerning step changes of the T variable
in T-type elements (the inductor’s current at t = 0" was 0). So 3/169 must also be the current out of
the capacitor. The rate of change of the capacitor’s voltage is always i/C. So

-3

d""n 1¢{U+} _ 165 volts
1690 (64)

An alternative way to obtain the initial value of the derivative is to evaluate the differential equation
(Equation 56) at t =0%;

dv 1 1‘[
0= C + v, + | v dt

& TRM™TL)™ 65)
0=-L_ S 3) +0
a1 @ (66)

Equation 66 gives the same value for the derivative at t = 0%, =30 vols/sec,
Differentiate Equation 62 (you must differentiate itas a prndncl']l evaluate it att =10, and
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set it equal to -30. The value of B2 isthen found to be -15/12. The solution for vn(t) is then:

v =e(3cos 12t - 12 sin121), t>0
This can also be expressed in the form of Equation 30,
vo(t) = 3.21 et cos (12t -219) (68)

complete response for second order systems

In the previous examples, the systems studied had no forcing function' Therefore, only
the natural solution resulted. When aforcing function isincluded, the forced response must be
added to the natural response before the constants are evaluated. The evaluation of the two
constants is done in the same manner asin the previous examples, using initial conditions. The
form of the forced response matches the forcing function. That is, a sinusoidal forcing function
produces a sinusoidal forced response, a pulsed forcing function produces a pulsed forced
response, etc. For now, we will consider only constant forcing functions. Later, we will study
methods by which any forcing function may be handled.

Consider Equation 69, a general equation for a second order system system. The natural
response, if substituted for y on the left side, would by definition cause those three terms to add
to zero. The forced response, y1, is that function which when substituted on the |eft side, causes
the termsto add to x(t) for t > 0.

2
23 oYy ay = x@
dr? dt (69)

Exact determination of ytfor any general x(t) can be difficult. However, the form of the
forced response to a constant driving force can be easily found from the system equation or
from our knowledge of the behavior of the system elements.

Suppose x(t) isa constant (X0) for t > 0. The terms on the left of Equation 69 must add
to X0 for all t > 0. We also expect the forced response yf to be a constant. If a constant if is
substituted on the left side of Equation 69, all derivative terms on the left become zero,
leaving only the a0yf term equal to X0. Therefore

yf = Xol ao- (70)

If the system equation contains terms which contain integrals of the dependent variable,
asin Equation 71, the forced response must be zero. This must be the case because any
non-zero constant under the integral sign would cause that term to grow without limit'

f(t) = ch Ly —jvdt
(71)
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For example, in the circuit of Figure 17, suppose f(t) is a unit step function, u(t).

V()

(y(t) R L C =

Figure 17 Second order system driven by a constant f source.

Equation 71 isanodal equation written at the top node of Figure 17' Because f(t) isa
constant, we expect vf(t) also to be a constant for t > 0. ... addition, vf(t) must solve Equation 71 for
al t>0. But if vf(t) isanon-zero constant, the integral term will grow without limit' Therefore, vf(t)
= Ofor this case.

Example
Asafinal example, find the complete response of the system of Equation 72. We are
given that y(0+) =1 and that di/dt at t = O+ = 2.

2
E_};L + 4%, 5y = Sult)
dt dt (72)

Solution:
1. Find the form of the natural response:

s2+4s+5=0hasrootssl, s2 =- 2 + |’ Therefore, the system is underdamped. We have
found that the natural solution can be written in either of two forms:

¥n = Ajel2-0t 4 Ajel-2+)0t = Ke2tcos(t+ ) (73)

Although the second expression of Equation 73 may look nicer, using theinitia conditions to
solve for the constants K and O is generally more difficult than finding A1 and A2 of thefirst
expression.

2. Find the forced response:

Because the forcing function is a constant, we can assume the forced response is a constant.
Then all terms on the |eft side of Equation 72 are zero for t > 0, except S5y which must equal the
other side, 5 for t > 0. So the forced responseis

yf =1, t>0.
3. Determine the constants of integration.
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The complete response is the sum of the natural and forced responses.
y) =yn + yr = Ajet2-D)t 4 Ajel-2+j)t 41, t>0 (73)

The constants A1 and A2 are determined from the initial conditions, just as was the casein
the previous examples of non-driven systems. The difference is that the forced response must
be included in the evaluation of these constants.

Theinitia values of y and dy/dt were given. Use Equation 73 to obtain the
following equations which can be solved for A1 and a2

y(0) -1=A1+A2+1

o) = 2 = (29 A1 + (2+) A
dt (74)

Simultaneous solution of Equations 74 yields A, =] and A2 = ;. Substitution of these
results back into Equation 73 gives the solution for y(t):

j’{t} = _'| Ii:I:-I-j]l _j :{-Eﬂ'jlt_i_ 1
= eMjelt.je] +1

_ E-zw{cj[ -_E'j“ +1
]

yit) = 1 + 2 sint, t>0.
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Chapter 9 Problems

1. For each second order equation below,

(a) Sketch the location of roots of the homogeneous equation on the

{b) Determine the valves of @, w, and L.

(c) State whether the system is over, under, or critically damped. If underdamped,
calculate wd.

(d) For each case, sketch the general shape of the unit step response of the system.
(It should not be necessary to completely solve the equation analytically.)

2
dy ,dy .
‘E+3E+1}’—U{l}

2
:d—§ +4i:|i’l + By =ult)
dt L

d d
~F +65-+9y = u(t
dt
2. Below are input-output equations written for four second order systems.

For each equation:
a. Write an expression for the natural response of the system. The expression must include

numerical valuesfor all frequencies (roots of s).
b. Estimate the time it will take for the natural response to die out.

c. Determine C and @y,

d. Specify under-, over-, or critically-damped.

e. If x(t) = u(t) and systems were initally “dead”, determine the complete response.
f. Check your results with Maple.

Eﬁ+9‘3y=x[t} J+Ilg}i+lﬂy—1{t}
dy* dy*

&y | 40y _ dy , gdy

4 40 1My = 2 8 16 t
d;.rl+ dt-r y = x(1) d;,ﬂ+ at + 16y = x(t)
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3. The suspension system of a car may be represented as shown in the figure below.
M represents the mass of the car, and k and b are, respectively, the effective spring
and damping constants of the suspension system.
M = 1000 kg, k = 25,000 N/m, and b = 6,000 Ns/m.
(a) If you push down suddenly on this car's bumper (force F), will it tend
to (1) move slowly to anew equilibrium position? or (2)
oscillate up and down for awhile?
(b) If (1), approximately how long will it take to reach its new
equilibrium? If (2), with what radian frequency will it oscillate?
(c) What value of damping should be used with this mass and spring so that the
system makes the fastest return to equilibrium without oscillation?

l

m

k J~'t:|
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Systems Chapter 10 Study Guide

| mpulse and Step Response

A. Concepts Addressed By This Chapter

1. Unit impul se response of a system.
2. Unit step response of a system

B. Introduction

The unit impulse response of a system is defined as the response it exhibits when a unit impulse
forcing function is applied at t = 0 to the system in which all elements have zero stored energy. While
an impulse may not seem to be avery realistic driving force, we will see that most real functions can be
approximated by combinations of impulses. Furthermore, the waveform of a system's impul se response
contains sufficient information to permit the determination of the system's response to any input
waveform.

The unit step response has the same definition as the impul se response except for replacement of

the impulse driver by a step function driver. The step responseis equally useful as a source of
information about the system's behavior to other inputs.

The impulse response is the derivative of the step response.

C. Instructional Objectives
A student mastering this material will be able to
1. Given a system diagram or a differential equation, determine the unit impul se response.

2. Given a system diagram or a differential equation, determine the unit step response.
3. Determine theinitia (t = 0+) values of al variables.

D. Study Procedure
Read Chapter 10 of these notes.
Further information on impulse and step response can be found in references 1, 6, 13.
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E4 Systems
Chapter 10
Impulse and Step Response

1. Impulse Response
The "impulse response” of a one-input, one-output, linear, time-invariant system is defined as the
output function which appears under conditions of zero initial energy storage (zero state response), when a
unit impulse forcing function is applied at theinput at t = 0.
Consider a genera system where the equation relating output y(t) and input x(t) is:

-1
ang:y_ + an_ld___y_ + ... + agy = x(t)
dt" de™! (1)

If x(t) isan impulse, thisis a homogeneous equation for t > 0 because the impulseis zero for t
> 0. Therefore, the response to an impulse is the natural response, yn. To find the impulse
response, we need to find the natural response, then evaluate the constants of integration (one for a
first-order system, two for a second-order system, etc., to obtain the magnitude of the response). Asan
example, suppose we have a second order system with an impulse input:

2
az-d—X + al-dl + agy = O(t)
dt? dt @)

Att =0, the right side is an impulse. Therefore one or more terms on the left must be an
impulse att = 0. If y is 8(t), dy/dr and dZy/dr? will be §'(t) and 8"(t), respectively. Since no
terms like these appear on the right side, we can assume v is not an impulse, nor is dy/de.
Therefore only the highest derivative term can be an impulse at t=(. Since it is the only impulsive
term, A4(d4y/dtZ) = 8(t). (Both dy/dt and y are finite and therefore negligible at t=0 when

compared to the impulsive d%y/dr2.) We can summarize this reasoning:

If the forcing function s an impulse, the highest derivative term must equal the impulse ar

t=0. The other rerms must be finite arf =0,

For t > 0, the equation is homogeneous (the impulse is over at t=0+ so the right side of
Equation 2 is zero). To obtain the solution of this second order equation, we need the values of dy/dt
andy at t = 0+. The value of both of these quantitiesat t = 0- (just before the impulse) is zero since
impulse response, by definition, means the system has no energy storage at t = 0-. Values of dy/dt
andy at t = 01, can be found by integrating the equation acrosst = 0 (from O' to 0+). This processis
best illustrated by an example:

Example: Find the impulse response of a system whose equationis:

2
29Y L 10 4+ 12y = x(®
dr? dt (3)

Since the impul se response has the form of the natural response, find
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¥p @5 we have done previously: The characteristic equation 2 2+ 105+ 12=0 has roots -3
and -2. Therefore, the impulse response is

hit) = yalt) = Aje2 + Aged, >0,

The values for A and A must be determined from initial (t=0*) condidons on v and dy/de.

We know y and dy/dt are zero at t = r (definition of impulse response). Therefore, integrate
Equation 3 from a known state (t = 07) to the desired state (t =0%).

0* o 0* 0* 0*
21 Sda + mf E‘Edu 1zj y dt =J‘ (1) dt

Y
0 o o or (4}

The integral of the second derivative (first term on the left side of Equation 4) isthe
first derivative' Since dy/dt and y are finite at t = O, the other terms on the |eft side are zero.
On theright side, the area under a unit impulse function is 1. Integrating and substitution of
the limits gives:

9 oty - 29¥ -
[z&[(u} zdtmj]+{a+n 1

©)
Sincedy/dt=0att = 0", we can solve for dy/dt at t = O+.
El I:I'+ - .1_
dt © 2 (6)

So dy/dt jumps from zeroto 1/2 at t = 0'
Sincey(0") =0, and y(0O+) isthe integral of dy/dt (astep) fromt = 0" to O+, then y(0+)

Tofind Al and A2, usethet = O+ values just determined, together with the
general homogeneous sol ution:

hith=y(t) = Ay et + A et
h(0*) =y(0*) = 0= A, + A,

dho*y = L = -24,-3A
dt{} 2 1 2

Solving Equations 8 and 9 yields Al = 1/2, A2 = -1/2. Therefore, the impul se resp(
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hit) = (1/2e2t - 1/2e3) u() (10)

In many cases, the input need not be a true impulse to produce an output which
approximates an impulse response. The impulse response is an accurate representation of the
svstem’s output for any pulse input of unit area whose duration is short compared to time constants
of the sysytem. For example, consider the system shown in Figure l in whichR=50Q and C =
1 pF. Itis a first order system with a time constant, T = RC = 50 seconds. The step response of

this system is (1 - r.'n-m*} n(t).

Vv

R I +

b [t)@) C= y(t)

Figure 1 Impulse applied to an RC system

Suppose x(t) is a rectangular pulse of amplitude 0.2, and width 5 seconds (area =1) .
During the 5 seconds of the pulse, the system would be exhibiting its step response, the output
climbing toward a final value of 0.2 volt. (Of course, it would take 200 seconds or so to get near
0.2 volt.) After 5 seconds, the output has only risen to 0.2(1 - e"/10) = 0190325 volt. At this
time the input pulse ends, and the voltage source becomes zero (a short cireudt). Of course the
capacitor volage does not instantaneously changes, but remains 0190325 volt (between t= 5" and
att=5%). Fort> 5, the capacitor will discharge back throngh the resistor and its voltage will
decay from .0190325 with a time constant RC = 50.

Suppose x(t) had been a pure impulse instead of the rectangular 5-second pulse we just
investigated. The impulse response of this system is h(t) = 1/50 %30 u(). At =5 this is .0181
and 15 decaying with a time constant of 50. The two responses are plotted in Figure 2:

ozl

0197 « TeSpOnSe 1o rectangular pulee
.2 v amplitade, 5 sec duration

T

Figure 2 Impul se response compared to the system's response to a short
rectangular pulse of unit area. They are similar after the pulse ends.
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The two responses are very close for t > 5. If the width of the rectangular input pulseis
reduced while its areais held constant, the output will come still closer to atrue impulse
response. The exact shape of the x(t) input pulse is not important. Any shape which endsin a
time much shorter than the system time constant and whose area is unity will produce a
response which approximates h(t). This means that in practice, atrue impulse input is not
required to produce the system's impul se response for analysis. For example, assuming the
pulses shown in Figure 3 all have unit area, and all end by t = 5, they will al produce good
approximations of the impulse response for t > 5 if they are input to the above system, or to any
system whose time constant is long compared to 5

X

T T
1 5

Figure 3 Any pulse of unit areaand of duration short compared to the system time
constant will produce a response which approximates the impul se response.

Example 1: T-type impulse source applied to an RC parallel system'

v(t)
am(%) c% R

The differential nodal equation written at the top node

= Ccdv L v
alt) Edt+R

The characteristic equation is

Cs+4L =0 or s=--L
R RC

So the natural (zero state) solution is

h(t) = valt) = Aere’ ult)
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We need h(t) at t = 0+. We know that at t = 0, the highest derivative term matches the
impulse. We integrate each term of Equation 11 fromt = 0' to t = O1' Since the v term is not an
impulse at t = 0, the integral of thisterm is zero. Then,

Vot -CQ! - =
C%?(O) . ) +0 =1 1

Now dv/dt is zero for t<0 °, so dv/dt at t = O+ must be equal to 1/C.. Since C dv/dt isthe
capacitor's current, apparently all the impulse current from the source takes the capacitor path at t =
0. The charge moved by this current is the area under the current which is 1 for aunit impulse. One
coulomb deposited on the capacitor's plates at t = 0 causes the capacitor voltage to jump from O
voltsatt = 0'to L/C voltsat t = O+.

o* or
va(0%) = *Lf ledt = -':lff &(t) dt = ,[l:_

c or o (15)
The voltage of Equation 15 is called vn because for t > 0, theinput is zero and so any

output during this period must be the natural response. So A of Equation 13is 1/C.
Therefore,

h(t) —l-e bt 9

Example 2:
An impulse velocity input is applied to the left side of the damping element of Figure 5. Find
h(t), the impul se response, which in this case is defined to be the velocity of the mass, vm(t).

= 8(t) 5(t) (O} fﬂ

I_' b

— =]} = or . 1
V= B(t) 5(t) (1)

Figure 5 Representations of the system of Example 2
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The path (loop) equation is
t

&(t) = tf{t] + ;IH_J flt) dt + vu(0)
J (17)

The last term is zero because i(0) must be finite. The highest derivative term matches
the impulse:

ft) =b &(t) att=0. (18)

The homogeneous Equation is
L

0= tﬂ;t} + Fln‘f £(t) dt

o
Differentiating,

df + b f=10

dt m (19)
The characteristic equation is s + b/m = 0, and the homogeneous solution is

fit) = Ay Ef{tf t> 0. (20)

Thisisasolution for f(t). We want vm(t). But in alinear system, all variablesfollow the
same function, only differing in coefficients. So from Equation 20 we can use a new constant
and write:

vm(t) = A2 e‘%' . t=0. (21)

We now need the value of A2 and the nature of vm(t) att = 0 (in caseit isan impulse). We
can find vm(0+) from the expression

ﬂ#
V(0%) = #L fi(t) dt
(22)

Thisis simply the basic force-velocity relation for amass. In this case, the force was zero
for t <0, sotheintegral can start at t = 0-. From Equation 18 we see that f(t) is an impulse
occurring within the limits of thisintegral. Therefore,
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From Equations 18 and 22, we see that vm(t) isnot animpulseatt = 0" (Thisis
also evident from the rule we devel oped about infinite energy storage.) Therefore, the
impulse response is
vm(t) = h(t) = b/m e”™* u(t)

(24)

Here, the step function is used since we know all velocities were zero for t < 0.
Example 3 Impulse response of a second order system

" Find the impulse response of the RLC circuit shown if the response is defined to be
the voltage across the circuit and the impulse is a current source driver.

v(t) = h(t)

s(r) RS LS C=

Figure 6 RLC parallel circuit with an impulse current applied

The vertex law equation at the top nodeis:

L
a(t) = cdv 4 Ly 4 lfv::lt
dt R L o (25)

Note that the three terms on the right of Equation 25 represent current in the capacitor,
current in the resistor, and current in the inductor, respectively. There are two ways to proceed
at this point in most impulse response problems. One way, aswas used in Examples 1 and 2, is
to use the system equation to obtain the required initial conditions. A second approach isto use
our Knowledge of the behavior of R, L, and C ideal elements. This method will be illustrated
here. The inpulse current arriving at the top node must flow down through R, L, and/or C.
Which path or paths does it take? Assume the impulse current (or part of it) flows through L.
Then the voltage across L, vL = L di/dt, isadoublet' Thisvoltage is aso across the other
elements, producing a doublet current in R and the derivative of adoublet current in C. Since
these currents do not add to zero at the top node, the assumption of an impulse current in L
cannot be correct. Does the impul se current from the source flow down through R? This would
produce an impul se voltage across R which would also be across C. An impulse voltage across C
produces a doublet current in C. But there is no doublet current in any other element to satisfy the
current law at the top node. Therefore, the only possible path for the impulse current delivered by
the source in Figure 6 is down through the capacitor’

If aunit impulse current flows in a capacitor, the capacitor's voltage jumps by 1/C times
-the area under the impulse (the charge)' In the case of this example, since the capacitor's voltage
is zero when the impul se arrives, the voltage steps from zero voltsat t =0 _, to 2/C voltsat t = 0+'
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+ o+
ve(0) = L] idt= lj 8(t) dt = L volts
C . C o C 26

A step voltage across all elements at t = 0 produced by the impulse current's taking the
capacitor path does not result in any violations of path or vertex rules as did the previous
assumptions that the impulse took an R or L path. A rule we can glean from this exercise isthat An
impulse current (or any current) will always take the path which requires the least volatge An
impulse current needs a doubl et voltage to flow in an inductor, an impulse voltage to flow in a
resistor, and only a (finite) step voltage to flow in a capacitor.

We need two initial conditions to solve this second order system' The first is vC(0+) which
we have just found to be 1/C volts. What about dv/dt at t = 0+? At this point, the impulse is over
and the circuit isas shown in Figure 7.

v(0*) = % ol

Figure 7 System at t = O+

Now dv/dt is equal to ic/C from the defining equation of a capacitor. So, if we find
1C(0+), we have theinitia value of dv/dt' At t = 0+, 1/C voltsis across R, causing aresistor
current of 1/C amps, downward' The inductor current at t = O+ is zero because v(0+) isfinite and
i.was zero at t = 0'. (Remember, inductor current cannot change instantaneously unlessthereis
an impulse voltage appalled.) Therefore, the current flow at the instant t = 0+ is as indicated
in Figure 8.

1 .
v(0*) = = voIns i
C N

R RCl R L liL=0 'l'

=1
€ RC

Figure 8 System and currents at the instant t = 0+ .
Current flowing from the capacitor top plate causes its voliage o decrease (dv/dt is

negatve.

dv o) = €0 - __1_
a7 R C2 @7
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The two required initial conditions are then
vio) =L and  dv ot = L
C dt R C? (28)

The impulse response of a system is simply the solution of its homogeneous equation
using initial conditions found as indicated above.

Example 4
R=4 L=|]

st B(t) = it ==L

Figure 9 System of Example 4

Find the impulse response of the RLC series system shown' Response is defined to be i(t).

4
Sty =LAl + Ri+ Ll ia4e = di : :
(t) dt+ 1+Ef1dt dt+41+3f1dx
o Vg (29)

2+45+8=0 yieldsroots -2 % j2, so the system is underdamped, and the
homogeneous solurion can be written in either form of Equation 30.

i(t)=Ce?cos(2t+0) or i(t)= e (Bycos2t+B,sin2t) (30)
To find B1 and B2, we need initial conditions.

Lg-} = O(t) at t=10. Inwegrate both sides fromt=0"tot =0+ :

o
i(0 =| dlde= L1 =1amp
- dt L
(31)
Substitute t =0 into the second form of Equation 30 and, using the result of Equation 31,

E] =1 {32}

Impulsc and Step Response X10 © T.W.Moore 1992



+*
att= 0%, Equation 29 becomes 0=L di0") +R () + L | id
dt CJs (33)

In Equation 33, the integral is zero because i(0) is finite. Therefore we can solve this

equation for di/dt: _
ﬂ+ i E— - = 4
g:( ) L __ (34)
Differentating Equaton 30 yields
i(0*) = -2B; +2By= -4
g':-( ) 1 1 @3s)
Substitution of the results of Equation 32 gives the value of By:
B,=1 (36)
The system impulse response is given in Equation 37 and plotted in Figure 10.
h(t) = 4.123 &2t cos (2t + 76°) (37)
i(t)
1
o 15 30,

gL

Figure 10 Impulse response of the system of Figure 9.
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2. Step Response

The unit step response of a one-input, one-output, linear, time-invariant system is defined
in away similar to the impulse response. The unit step response is the output function which
appears under conditions of zero initial energy storage (zero state response), when a unit step
forcing function is applied at the input at t = 0. We introduced the impul se response first in this
chapter because it is generally easier to obtain than the unit step response. Remember that the
impulse response for t > 0 isjust the natural response, while the step response contains both
forced and natural components We have aready solved for the step response of first order
systems in Chapter 9. The fmal example of Chapter 9 found the response of a second order
system to a step function driver. However, this result was not the system'’s "step response”
because the driving force was not a unit step, and because the system had initial energy storage as
indicated by the given initial conditions. Nevertheless, the method used to solve that example can
also be used to find unit step response:

1. Useroots of the characteristic equation to find the form of the natural response, yn(t).
2. Find the forced response, yf(t) (usually a constant).

3. Add yn(t) and yf(t) together to get the complete response, y(t), then use initial
conditions to evaluate constants.

(A second approach isto find the unit impulse response and make use of the fact that the unit
step response isthe integral of the unit impulse response.)

Example: Unit step response:

We again use the system of the final Chapter 9 example, but this time we want the unit step
response.

2
51—-11 + 4 Sy = ut)
dr* dt (38)

Soludon:
1. Find the form of the natural response:

s2+4s+5=0 hasroots s, 5,=-2zj. Therefore, the natural response is

Yq = ﬁle':'z'jll'-“ + Ajel-2+]t

2. Find the forced response:
yg = 15, t>0.

3. Determine the constants of integration.
The complete response is the sum of the natural and forced responses.

v(t) =van + yr = Ajel-2-i)t 4+ A,el2+j0t 4L 50
“ 5 39)
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Since we are finding the unit step response, we know the valuesof y and dy/dt at t = 0" ar
both zero. What are their values at t = 0+? A look at Equation 39 indicates that dy/dt and y canno
be step functions at t = 0 (because other terms would then be impulses). This means the values o:
dy/dt and y at t = O+ must be the same asthey were at t = 0', (which was zero).

y(0) -O=Al +A2+ 1/5

ﬂd}é{ﬂ} = 0 = (-2-)A; + (-24j) Az

solution of these equationsyields A, = (-1 + 2j)/10 and A2 = (-1 - 2j)/10. Substitution
into Equation 40 and application of Euler'sidentity then provides the unit step response (we
designate unit step response by ys):

Vg = —Eé—zl[f:ust + 2 sin t] u(t)
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Chapter 10 Problems

I Find the unit step and impul se responses of a system whose equation is:

x(t) = %-}-r 2y j}rdt

2. For each system whose equation is given below, determine:
(&) The unit step response
(b) The unit impulse response.

dly d?y dy
2 +98y = x(1) +11—= + 18y = x(1)
di? d de? dr Y
dy dy diy dy
4% <y = €Y 4z =
+mdl; + 100y = x(t) Edtz +Bdt + 16y = xit)

3. Find the impul se response of each of the following systems:

W'r r W'l'
() 2 = %
X 20 w(t = 2 ylt)
= u(ﬂ -
0.25F T °, 0.5F 1,

4.1f m=2,b=12, k =16, find this system's impul se response.

()

%(t) (-;D Elf_l 11::] k 3 Input x(t)

-

o
8
g
2
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6. Find the step and impulse response for each system below:

1%
x(t) 2dt+2y+6fydt

(b)

240
Wy ©

x(t) +H 120y

Impulse and Step Response X 15
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Systems Chapter 11 Study Guide

Convolution

A. Concepts Addressed By This Topic
1. The convolution integral.
2. Convolution using step or impulse response.
3. Computer methods of obtaining convolution.
4" Graphical meaning of convolution.

B. Introduction

The methods of system analysis we have encountered this far require usto obtain a
differential equation or other mathematical expression of the system's input-output relation, as
well as amathematical expression of the forcing function (input). In many situationsit is not
possible to get either a set of differential equations completely describing the system, or an
analytic expression for the forcing function. In such cases, the convolution integral becomes a
useful tool because it permits calculation of the system's response to a given input waveform
without using the system equation or knowing an analytic expression for the input fiinction.

The convolution integral does require a knowledge of the system's impul se response.
While we have seen how to find the impul se reponse analytically when the system's differential
equation is known, convolution may also be applied when this equation cannot be found if
certain physical tests can be performed on the system. If an input "spike" approaching an impulse
is applied to the system and its output is recorded, this information can be used by a computer to
solve the convolution integral to determine y(t) for any speed or measured x(t). Note: this
technique is good only for linear systems.

C. Instructional Objectives
A student who masters this material will be able
to
1. Given analytic expressions for a system's impul se response h(t) or step response yu(t), use
the convolution integral to find the output of the system for any arbitrary input function, x(t).

2. Given sketches of the input function and the impulse response vs. time, sketch the
general shape of the resulting output function.

3. Given the input function and impulse response in sampled (digital) forth, use the
computer to determine the output waveform.

D. Study Procedure
Review Chapter 10 on impulse response.
Read Chapter 11.
Additional material can be found in reference 13.
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E4 Systems
Chapter 11
Convolution

As we saw in Figures 2 and 3 of Chapter 10, a system’s response to a short duration pulse
of any shape approximates its impulse response. Suppose we approximate a system’s input
function, x(t), with many rectangular pulses as shown in Figure 1. If the width of each of these

pulses, AA, is small compared to the system’s time constant, each rectangle appears to the system
as an impulse function with area proportional to x(A;). Each of these input pulses will produce, in

turn, a separate impulse response at the output. The output function, y(t) will then be the sum of
all of these impulse responses with appropriate time delays.

x(t) %(A;)

&

Figure 1 Approximation of x(t) by rectangular pulses

Figure 1 shows x(t) approximated by rectangular pulses of width AA and amplitude x(A;).
A representative one of these pulses is shown extending fromt=A;tot=»X; ;. Using step
functions, we can write an expression for this pulse: x(A;) [ u(t - &3} - ult - A;41)]. By summing
these pulses everywhere along the t axis, an approximation for x(t) can be written:

+ oo

x®© = Y, x()[ult- M) - ult - M)
i=-oo (1)

Muldply and divide through Equation 1 by AL, giving:

1{1:] = f KE?L-,} [ul{t = l’l} '&:{t = :l"!'--l--l::| al
2
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As Al gets very small, the quantity in the brackets of Equation 2 becomes a very tall, very
narrow rectangle. Its height is 1/AX and its width is AL. In other words, the rectangle becomes a
unit impulse: &t - ?LI:J

Substituting the impulse function for the brackets in Equation 2 yields

+ o=

XO) = Y, x()8(t-A) AX
== G)

The area under an impulse function is given by its multplier. Therefore, the quantty under
the summation sign in Equation 3 is a unit impulse of area x(A;)AX. Equation 3 says that any x(t)
can be approximated by a series of closely spaced impulses, each of area x(A;)JAL. Note that by

“approximated"” we mean that if the impulse string is used in place of its corresponding x(t) as the
input to a linear system, the output produced will not be significanty different.

Each impulse at the input produces an impulse response at the output, equal 1o x(A;) h(t -
A;) Ak, where h(t) is the system's impulse response. Therefore, when all impulses are applied,
yit) is approximated by the sum of the resulting impulse responses:
yit) = Y x(h)h(t- 25 Ak
T @)

which, in the limir as AL—0, becomes

y(t) = f x(A) h(t - &) dA

(3)

The integral of Equation 5 is known as the convolution integral. By a substtution of
variables, a second form can be found. Lett=t=3A. Thendt==dAk and L =t~ 1. Substtuting,
x(A) hit - &) d\ becomes x(t - 1) hit) (-dt). Since the integral is between tee, the negative sign on
dt may be neglected. Using the symbol A instead of T then gives:

y(t) = I x(t-4) h(A)di

(6)

If the impulse response of a system is known, either Equation 5 or 6 can be used to find
the system'’s response to any given input function, x(t). If the impulse response is not known in
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analytic form, it may be possible to apply an impulse-like spike at the input and record
the waveform produced at the output’ Equations 5 or 6 may then be solved numerically.

The above integrals can aso be manipulated to provide an expression for the output
in terms of the step response and the input.

From (6), let uw=x{i-A), and dv = h{A)dA. Then,

du = -x(t-A)dA, v:fh{l}dl

The integral of the unit impulse reponse is the unit step response. Call the unit step
response y,,(A). Then, v =y, (,). Combining these u and v values into an integration by parts
yields:

vt = x(t-A) vy |7 + f yo(A) x(t - &) dA
o (7)

Since the step response is zero at A = -s=, and assuming x(-e<) = 0, we have:

em
yit) = j yu(h) x(t - &) di

(8)

A rearrangement of the variables can convert this to:

y(t) = f yult - &) x(A) di

(%)

Equations 8 and 9 are sometimes more convenient than 5 or 6 when the step response is
known, or in practical cases where the impulse response is difficult to generate.

Convolution by computer:

As has been mentioned, convolution has the advantage that analytic functions are not really
necessary to compute the system's response to an arbitrary input. For example, suppose the system
is hit with an impulse and its output is monitored and recorded. Let's say the resulting
output is a wave such as shown as h(t) in Figure 2. Suppose that at every At step in time, we
sample the waveform, and store the resulting list of m values, h[i] for i=1 to m, in a computer file. [

|
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(Such sampling is easily done by a common device called an analog to digital (A to D) converter.) We
want to determine this system's response to an arbitrary forcing function, x(t), which is also plotted and
sampled, yielding a second list of nvalues, x[i] fori =1ton.

h=[h1-. I'IE-. rary hm] 1=[1|,..\'.2, . xn]
h(t) ."“«.\ x(t)
\H -y
pTm o m :

Figure 2  h(t) and x(t) sampled every At seconds.

We decide to use Equation 6. This means x(t) must be reversed and stepped past h(t). At
each step, the all matched values must be multiplied and summed. This is tedious work for
humans, but easily done by a computer. A Pascal solution for the convolution of x and h is given

below (assume At=1 for convenience):

Pascal Convolution Procedure:

{h[i] isan array of m values, x[i] isan array of n values)
(aisan integer used to index through the values)

for t:= 1 to (m+n) do

begin
sum:=0; { sum givesthe value of y(t) at each step }
a=l; { astepsthrough from a= 1 to a=t)
while (a<=n) and ((t-a)>=I) do
begin
sum:=sum + x[t-a]* h[a]; { add the newest product)
a=atl; {index to the next pair}

end; | while. Integral to thist is complete)
{ here, writeto file, plot, etc' value of "sum")
end; {for. Increment t and integrate again}
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m

t-n 0

{l:-at =0)

Figure 3 Convolution process as x steps past h

Example 1

_ A system has impulse response h(f) = 10 ¢ “* u(t). Find its response to a step function
mput, x(t)=ult), by convolution.

Solution:
Step 1: Set up the convolution integral. Use the form of either Equation 5 or Equation 6.

(We choose to use A for the argument of the step function, and t-A as the argument of the impulse
response as in Equation 5.)

¥t = f x(A) hit- L) di = ru(?-.} 10 e~ 5t-A) y(t - ) di

(10)

Step 2: Adjust the limits. Generally, step functions will accompany the functions being
convolved. These should be eliminated within the integrand by proper adjustment of the limits of
integration. In the case of this example, the lower limit can be reset to zero because the u(i) factor

is zero for A < 0. The upper limit can be set to t because ult - A) is zero for A >t After adjustment
of the limits, the step functions can be dropped from the integrand.

t i
yit) = J 10 e St afh 43 = me-mj e dl =2 &5t Eﬂlé
0 0 (11)

Substitution of the limits now yields y(t), good for t>0. Since we know this system
was zero for t<0, we can use a step function to describeit.

yt)=2[1-e"3tJult) (12)

An examination of Equation 13 will show that we could also have obtained the result of
Equation 12 (which is the step response of the system), by integrating the impul se response.
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t
2[1-e% = f 10 &5t dt
0

(13)

2. 2[1-e¥]

4 . ; + t
0.5 1

Figure 4 Response of system of Example 1 to a step input

Of course, the evaluation of the integrals of Equation 10 or 11 may also be computed
using Maple. However, present versions of Maple do not handle step functions very well.
Therefore, the set up of the integral and the adjustment of the limits must be done before Maple's
int function is used. (In other words, apply Maple to Equation 11, not to 10.) After the
integration has been done, the proper step function multiplier must also be inserted by hand. The
Maple commands to perform the integration of Equation 11 are given in bold type below:

int(10*exp(-5*t)*exp(5*L),L=0..t);
2exp(-5t)exp(St)-2exp(-5¢)

simplify("); 2-2exp(-5¢t)
-2 exp(-

Example 2

Find the output y(t) if a signal x(t) =¢ -2t y(t) is applied to a system whose impulse
response, h(t) = 2 & -2t u(r).

Solution:
Step 1: Set up the convolution integral between infinite limits:

y(t) = f 2 e 2h () e 20-1) gt - A) dA
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Step 2: Adjust limits and remove step functions from integrand:

l
ﬁ'{ﬂ' = fleaﬂ. e-21-3) 43 = jf e 2t Ji = EE-II‘.},_I:]
0 0

Step 3: Insert proper step function into the result:

y(t) =2 te-2t u(t) (16)

uraphical convolution

A quick indication of the type of output wave to expect can sometimes be achieved by a
graphical approach to the convolution integral. Note that the integral always involves replacing t
by t- A in one of the functions. For example, & function x(t) is plotted vs. t in the left panel of
Figure 5. If we now plot the same x function on the A axis as a function of (t - 1), it has the same
shape, but is reversed, because of the minus sign on A. In the left panel, we see that x(0) is zero.
On the right, the x(0) value occurs when A =t, since this function is x(t- A). (tis not a variable on

the right panel; it is just a parameter.) On the left, the function rises as a ramp untl t = a, at which
time the value of x is x(a) = 4. Where does this value of the function occur on the right? The

function on the right will be x(a) when (t- L) = a, or when A =1-a. Thus the effect of changing

the arenment from ¢ ta - 3 ic a reverzal of the wave and a tranclatian of the ald arointa L =t

(1) 2(t- )

# T

™y
[
—5

Asl-A
Figure 5 Effect of replacing argument t by t - L

The convolution integral tells us to reverse one of the two functions (x or h), and integrate
the product of the two for each t value for which we want to know y. Since we generally want y(t)
for all t from 0 to ==, this means the integral must be recomputed for each t value from 0 to e,

Graphically, we can think of this operation as the translation of both plots to the A axis, with one
graph reversed. Astis changed, the reversed plot (the one using the t - A argument) moves to the

right. The other plot (the A argument function) stays put. For each t, the rwo functions must be
multiplied point by point and the area under their product curve evalpated. This area i5 y{t).
As an example, let’s assume hit) is a rectangular pulse such as given in Figure 6.
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Figure 6 Example impul se response
We will use the x(t) function defined in Figure 5 as adriving force. The convolution integral
(using the form of Equation 6) is

y(t) -I x(t - A) h(d) dA

The x function on the A axis appears as shown on the right of Figure 5. Its leading edge is
at the point A =t. This shape is shown for two t values (0 and 4) in Figure 7, along with h(L).

i B x(t-2) ot
xRl
B 4 A
leading edge is M=t

Figure 7 h(,) and x(t - X) shownatt=0andt=4

The convolution integrand is the product of the two functions. Therefore, it resultsina
non-zero cutcome (area under the uct) only when the functions overlap. Figure 7 indicates
that there is no overlap before t =0. The two shapes then overlap until t = 3, at which time the
trailing edge of the x functionisatA = 1. So fromt =0t t = 3, we must step the x function past
the h function and at each step, mulaply the two functions together and find the area under this
product.

In Figure &, the functions just discussed are shown on the A axis, with smaller steps taken
as t goes from 0 to 3. At each step in t, the x function moves to the right. (lts leading edge is

always at A =t.) For each step, the product of the two curves is graphed and the area under the
product is shown shaded. A ﬁlﬂt of this area vs. t, shown in Figure 9, is y{t), the result of the
convolution of x(t) and h(t). Note that the result plotted in Figure 9 is not the area of the overlap,.
but the area under the product of the two functions.

The example illustrated in Figures 8 and 9 can be worked out in reasonable detail because
the x and h functions are nice geometric shapes. However, such things as dmes at which y(t)
begins and ends, and estimates of maximum value or time of maximum can often be done by
inspection of the h and x waveforms, without calculation.
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Figure 8
Successive time steps showing x(t - &), h(}), and the area under their product.

y(t)

&~
5 =
4
3
2 -
{ -

t

0 1 2 3
Figure 9 y(t): Plot of the areas of Figure 8 vs t
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Chapter 11 Problems

1.Find y(t) by convolution if
(@) x(®=etult), h()=e2tu().
(b) x(6)=2e2tult), hir) =e 2t u(t-1).
(©) x(t)=e2tuf®), hi))=35@)-e o)
(d) Unit gicp response is 4(1 - &%) u(t), input is x(f) = 3e" u(x).

2. Show that for systems in cascade, the overall impulse response (y below for x equal to a
unit an impulse) is hl (t)* h2(t), where * means convolution.

X — hl | 11.2 —b}’

3. Graphically determine the convolution of the two functions below. Label all important
values.

b
1 o

4. A system has an impulse response h{t) = e"? u(t). Find its response to the input
x(t) = (e 2+ e u(t) by convolution.
5. Using Maple or other computer help, determine the response of each of the systems below

to a half cycle of x(t) = sin t (from t= 0 to x). The impulse responses of these systems were
solved as part of an earlier homework assignment.

ANy AMA——
20 JI‘ 60 | 30
®(t) 20 ®(t) y(t)
0257 T XV 05 3_1
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6. The system below has an impulse response h(t) = 6 €72t u(t).
If the input x(t) = 3 et u(1) is applied to this system, what is y(1)?

K(t) —

h(t)

— ¥(t)

Convolution
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Systems Chester 12 Study Guide

- System Function

A. Concepts Addressed By This Topic
1. System function, H(s).
2. Impedance, Z(s), Admittance, Y (s).
3. s-plane, poles and zeros.
4. System response from system function.

B. Introduction

Forms of the exponential ¢ can be used to represent most waveforms which appear in
linear systems. Constant and sinusoidal forms are often used as driving forces. Exponential decay
functions often appear as part of the natural response. It is also possible to represent virtually any
periodic waveform which might appear in physical systems by summing an infinite series of
exponentials of the form A..e5°! (Fourier series), where the integer n represents harmonic number.

When an exponential forcing function is applied to alinear system, the forced response isidentical in
form to the forcing function, differing only by a multiplicative constant. The multiplying constant isa
function of complex frequency, s, and is given the symbol H (s). H (s) therefore is the ratio of the forced
output exponential function to input exponential forcing function. When output and input are measured at the
same port, H (s) is called a driving point function. When these signals are measured at two different ports, H
(s) iscaled atranfer function. If the ratio is between an effort variable (numerator) and aflow variable
(denominator), H (s) may be called zzpedance , Z(s). The inverse of impedance is admittance, Y (S).

The denominator roots of H(s) are values of sfor which the numerator (the response) can be non-zero
even for a zero denominator (forcing function). A non-zero response to a zero forcing function has already

been defined as the system's natural response. Values of swhich make the denominator zero are called poles.
The value of the poles of a system are then the natural frequencies of the system. Numerator roots represent
driving function frequencies for which there is zero forced response.

The forced response to any forcing function which can be represented by an exponential can be
obtained by multiplication of the forcing function by H (sf).

C. Instructional Objectives

A student who masters this material will be ableto

1. Given the differential equation of alinear system, determine the system function, H(s).

2. Given the impulse response, h(t), of alinear system, determine H(s).

3. Given the graph alinear system, determine H (S) using impedance concepts.

4. Plot poles and zeros of H(s) in the s plane.

5. Simplify system graphs by using loop/node methods, series/parallel combinations, Thevenin
or Norton equivalent systems, etc.

6. Given an exponential forcing function, use H (sf) to determine the forced response, yf.

7. Use the poles of H(s) to find the form of the natural response of a system.

8. Combine results of objectives 6 and 7 with initial conditions to find complete response.

D. Study Procedure

Read Chapter 12' Additional material can be found in Reference 11, Chapter 13, and also references
1and 13.
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System Function

Chapter 12
System Function

Consider the general function

x(t) =

A e™ cos(ot + ¢)

1 The exponentia function as a common system signal

D

This function can be used to represent many signals which occur naturally in systems or are

used as system input signals. The parameters @, @, and ¢ can be adjusted to produce a constant, a
sinusoid in any phase position, an exponential decay, and other waveforms of the type shown in
Figure 1. (Remember, 5 = o + jw):

I WAWAWA

/
YRVATRY
\ANNTL

M Vet

z2=-2 +]B

Figure 1 Waveforms Represented by Equation 1

XIl'2
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The exponential function x(t) can be represented by a rotating phasor. We have already
seen that the functon x(t) = A cos (tx + §) is the real part of a rotating phasor, A |:|.i'[""[f where A =
A ei® as shown in Figure 2.

Ael?

S

Figure 2 Phasor A = A e
If we multiply A by &)@, the line of Figure 2 rotates at angular velocity, @. If, in addition,

we multiply by ¢, the line length changes as it rotates, For example, A (e%5(el®), for negative
O, traces a spiral as shown in Figure 3.

7~
\F

Figure 3 Locus of end point of phasor A (e™)(ei®)

The projection of a phasnrnfmisn.lpr:nnth:rmluisishcmcns{nx+ ), one form of
which is plotted in Figure 4.
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1
|"" 1—2 s --1

A Aat

0 AN
v

Figure 4 Plot of 10 e-2t cos(12t + 20°)

Therefore, our general function xo(t) = A et cos(wt + ¢) can be represented by a rotating

phasor. Remember that A = A eJ®. Therefore, the phasor representation of x(t) is

A (%)) = A e(0H®t_ A ¢St Here we have substituted s = G + jo. Note that 6 and
®, and therefore, s, have the same dimensions, seconds™}. (The dimension of ® is often called
radians/sec and that of ¢ may be called nepers/sec. However, radians and nepers are

dimensionless.) ¢ and ® may be referred to as frequencies, and s is called “complex frequency”.
The real part of the phasor is x4(t).

xo(t) = A €% cos(wt + ¢) = Re[ A et ] (2)

Therefore, Re[ A ¢™ ] can represent any of the waveforms of Figure 1. We can use the

complete A ¢ in all mathematical operations involving the function of Equation 1 as long as we
use only the real part of the result. The need to convert to the real part arises only in the case of

sinusoids (e = 0).

2. Exponential Function Applied to aLinear System

v, (1) (% h(t) f(t) )

Figure 5 Exponential forcing function applied by A-type source
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Figure 5 shows a linear system with forcing function v(t) applied. The response (output)
is defined to be one of the system's T variables, labeled f in the figure. The impulse response of
this system is h(t). That is, if v;= 8(t), then f = h(t). Suppose we apply an input signal

_ 5.t

rotating phasor © f . Be for the complex freqency of the
mwm 'ﬁ' {[) = 'V e'r ’ tands of
driving force (g; + jox). Using the convolution integral, we can find the forced response, fi{t),
produced by v;. Use vg(t-4) and h(L):

oa

-5 A

+oa
F[t}zj?esf{t-l]h{l}dl = vcs"'[t " h(d) di
o -e= (3)

F(t) is used because we will get the (complex) phasor representation of ff(t) from this
operation. The integral part of the right side of Equation 3 is not afunction of time, but a constant
function of sf. We will define the result of the integration H(sf), the system fimion. Since his
the impulse response, then for causal systems, the lower limit on the integral can be zero. Then, in
general, for any frequency s,

H(s) =J' e h(h) dA
0 (4)

This operation on h(A) to get H(s) is called the Laplace transform. That is, H(s) is the

Laplace transform of h(A). We will work with the Laplace transform more extensively later in this
course. For now, the significance of Equations 3 and 4 is that the forced response, f{t) is seen to

be just a constant, H(sg), times the forcing function, vg(t). That is,
f~t) = H(sf) vt(t) ®)

Therefore, if H (s) is known, the steady state response to any exponential forcing
function can be found by evaluating H(sf) where sf is the forcing function's frequency. Our next
task isto investigate methods of determining H (s) for a given system.

3. System Function H(s)

We have seen that for the case of an exponential driving function of frequency sf, the
system function, H(sf), is a constant which relates the forced component of the response to the
forcing function. H (s) actually has more general use in the solution of systems, which we will
fimd when we study Laplace transform techniques later in this course. For now, Equation 5 may be
used to expand our ability to find the forced component of system response. (Only step and other
singularity function drivers have been previously considered.) To use Equation 5, we must first
determine H (s). One way to obtain H (s) isfrom its definition, Equation 4. However, in
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many cases, other methods are available to determine H (s) more directly from its

3.1 Determination of H(s) using Equation 4

If the impulse response is known or is easily found, a direct approach using Equation 4
may be used to find H(s).

Example: In the system below, the output is defined to be the voltage across the capacitor.
Find the forced response, v, if v(t) = de"2t ufy).
200
WA °

v(t) T 20

Solution: The impulse response for this system is

1 1
-t -
h(t) -— e R up =Ze? wy
From Equation 4
-t -(s+=)t
H(s)=je'3t(-%e 2 u(t)Jdt = %J‘e 27 a
0 0
which yields
1
H(s) = 21
S+§

For the problem above, s¢=-2. H(-2) =-1/3. This is the ratio of the forced part of the
output to the input exponential, according to Equation 5. That is,

Vi) = - |4e u(t)]l

3.2 Determination of H(s) from the system differential equation
In most cases where a system diagram is given, the method of Section 3.1 is not convenient

since it first requires a computation of the impulse response. H (s) can be determined directly from the
system differential equation which can be found directly from the system
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diagram. Given ageneral system differential equation,

dy dy dy _
s +an=ld|:|-] R B 2
m m-1
d x d x dx
b — +b + +b, — + b, X
m .m m-1 dt"H 1 di 0 6)
Assome our forcing function x(t) can be represented by an exponential Xebf, Then

according to the theory we developed in the previous section, the forced part of the response 15
YeS, These functions must satisfy Equation 6. Plugging them in and carrying out the indicated
fifferentiation vields:

n =1 st _ m-1 st
(a, s; +a sn +o.da s+a)Ve = s, +b 57 4. +b)Xe

-1°f (7)

fﬂrmdmstlse,:i:[b sg +b ]s:."'l - +by) )

Then, ;
mput X (a8 +a_ +..4a,)

(8)

Example: Given the series RLC system below, for which the output is defined to be the current,

find H(s) and the forced component of the current if the input voltage is v(t) = 10 cos 3tand R =
40 L=1H, C=1/13F.

R L
fa'a'a'a

v(t) c

Solution: The system differential ﬁquaﬁon is

v{t}-Lﬁ + Ri+ —ju‘lt + v (0)

Differentiate to clear of integrals:

dv . di di 1 .
av 4l , pdl 1
dt -:hi dt Cl
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From Equation 7, we see that this corresponds to

sV=s;LI+ sRI+ 21

L
C

where V isthe phasor representation of the forcing function, of (t) = 10 cos 3t, and | is
the phasor representation of the forced response, if(t). Then H (sf) can be found as the ratio of
the phasor representing forced response (1), to the phasor representing the forcing function (V).

| 5¢C 8¢
e = = =H5f}
v 5§LC+sf£‘R+l s§+4sf+1s

The frequency applied by v f(t) issf =] 3. Substitute thisinto the above equation to

H(j3) = 0.2 £37°

H(j3) multiplies the input phasor to produce the output phasor. That is, the output
magnitude is the input magnitude (10 volts) multiplied by 0.2, and the output angle is the input
phase angle (0), shifted by 379, Therefore, the forced response is

i¢ (1) = 2 cos (3t + 370)

3.3 The Concepts of Impedance and Admittance

Consider the individual forced responses to exponential functions of our three generalized
passive system elements: a generalized capacitance, a generalized resistance, and a generalized
mductance. The forcing function can be either an A- or a T-type driver. As we have found, the

response to an exponential forcing function represented by A e 5¢t can be represented by another
exponential function, A3 ¢ 5 and the ratio of forced output over exponential input, H(s) is a
constant. This constant may be given a special name, depending on the type variable found in the

numerator and denominator. When the forcing function and the forced response are measured at
the same terminals (the same port), H(sg) is called a driving point functon. When the forcing
function is applied to one port and the response is measured at a different port, H(sp) is called a
transfer function.. o _

For our generalized system representation, if H{s) represents a ratio of v (the numerator),
to f (the denominator) this ratio is called impedance, Z(s). If H(s) represents a ratio of f (the
numerator), to v (the denominator) this ratio is called admittgnce, Y(s).

Below are listed the defining equations for the three generalized elements.
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f=C 4V defines generalized capacitance, C

dt
v=Rf defines generalized resistance, R
v = L Q_tt: defines generalized inductance, L (9

Suppose an exponential forcing function is applied to each element above. Find H (sf) in
each case. That is, find the ratio of the exponential representation of the response to the
exponential representation of the forcing function.

(a) Generalized capacitance:
Forcing function is an exponential v(t) which can be represented by V = V, 5L,
Then, using phasor represenations instead of real ime functions:

F = r:-ﬂd;w¢¢sft} = 5iC(Voest) =5 CV

So the impedance (ratio of V to F) of ageneralized capacitanceis

Z.(s) = -1
c®) ==& W

(b) Generalized resistance:
For the generalized resistance, v=Rf.

Therefore, for any applied forcing function, the impedance (ratio of v to f) of aresistanceis
ZR(s) =R (11)

(c) Generalized inductance:
Assume an f(t) forcing function represented by a phasor F = F, 5,
Then,
vV = L?E{Fq.e stt) = syL (Fgestt) =s;LF

From which the impedance of a generalized inductance is seen to be
ZL(s) =sL

In each of these three cases, we could also have found the admittance, Y (s), of each element:
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Y(s) = =
Z(s) (12)

3.4 Combinations of Impedances and/or Admittances to determine H(s)

The impedances or admittances of elements in a system may be combined in a manner
similar to resistances in an electric circuit to determine H(s). That is, impedances in series may be
added, and admittances in parallel may be added.

Consider the system shown below. An exponential across source applies a driving force

which can be represented by the phasor V = V St

R L
AAN—FVV

O fm> T

Figure 6 RLC series system

We know that such a source produces a forced response of the fnnnFﬁ,eﬂf in each element.

Furthermore, because of the series connection, we know that all elements have the same through
variable, f. Using the path rule, we can write

Vin=VR+VL+VC=RF+sLF+(UsC)F (13)

So the impedance the source worksinto isVin/F = Z(s) = R + sL + 1/sC. In other
words, we can simply add the impedances of the individual elements, since they arein series, to get
the total impedance seen by the source. Also note that Equation 13 could be used to obtain the
differential equation for this system by replacing s by d/dt.

For the system of Figure 7, find the input impedance seen by the source:

Figure 7 RL system driven by anideal A-source

FR =V/Rand FL = VAL. Therefore,
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F=FR+FL=V (U/R+1/sL) -VY (14)

The admittance of the parallel elementsisthe sum of their individual admittances.
Impedance can aso be used to determine a transfer function between input and output

quantities at different ports to determine forced response:
In the system of Figure B, the left end of the spring is driven at a velocity v(t) = g2t u(t).
Determine the force exerted on all elements, and the velocity of the mass. Given thatm = 1Kg,

b=0.2 Ns/m, and k = 1.2 N/m.
)
-.-—.—w'.—l"‘fW‘l—_.—_
T x b ™
-—J"WT\-.-.._'::I—-—Q—— ..l:t}(:) f@ =C=m

Figure 8 Mechanical system and its generalized

Redraw the system in the generalized equivalent form on the right. The same force flows through each
elemenl It can be determined using the impedance seen by the source which is the sum of the impedances

of the series elements:
(15)

Zin(s) =sL + R+ 1sC

For the given forcing function, sf = -2 so find Zin(-2). (Zin(-2) = 2.833.)
Zinistheratio of Vin (the source) to F. Therefore, the forced part of the force on all

elements is f(t) = 0.353 e 2t u(y).
To find the forced component of the velocity of C, we can use the force just determined:

V =(1/sC) F. For sg=-2, this gives vt} = 0.1765 e 2,
The relation betwesn input and output velocities could have been determined directly from

the generalized system diagram if we think of it as a “voltage divider™

1
sC
V. = - 1 |V
C 5L+R+'f S
(16)

Plugging in s,=-2 and the values of R, L, and C yields 0.1765 for the expression in the
brackets (a transfer function). This tells us that the forced component of the mass® velocity is

0.1765 times the forcing function, or vg(t) = 0.1765 "2t u().
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3.5 Natural Response From H(s)

We have seen that when the frequency of the exponential forcing function, sf, is substituted
into H(s), the result, H(sf), istheratio of the output forced response to the input forcing function.
Suppose the forcing function is zero. That is, what if the A-type or T-type source we are using as a
driving force is set to zero. Then H(s) which, by Equation 8, is the output (numerator) over the
forcing function (denominator), has a zero denominator. Under this conditi on, should we expect any
response from the system?

Consider the system shown in Figure 9. The 'n u is defined as the current supplied by the
current source, and the ou ut is defined to be the voltage which then appears across terminals a-b. The
appropriate H(s) (output over input) is Zin. Looking in at terminals a-b we see two parallel branches.
One has the impedance ZR=R. The other branch has the impedance ZLC = sL + 1/sC.

The combined impedance of these branches is the product over the sum of their individual
impedances. Thevauesof R, L, and C are: R =3Q, L = 1H, and C = 0.5F. Using these values of R,
L, and C, H(s) isasgivenin Equation 17.

Figure 9 System with current source driver

2
I{E:]:I =m:3ﬁ = 3 EE""E
" os+342 s243542  (+Dis+2)

(17}

Now what if our current source is zero? Isit still possible to have a voltage (response)
acrossterminals a-b? A zero current source means open circuit. A look at Figure 10 (zero current
source now connected) indicates that avoltage is still possible across the terminals. If the capacitor
has an initial charge, for example, it will discharge through the RL path. Thiswill produce a
voltage across the resistor (defined as the output) even though the input current is zero.

L
_A

1
|

Figure 10 System of Figure 9 with zero current source driver

C N ]

B o
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Can H (s) tell us anything about voltage a-b under this condition? For H (s) to have a
zero denominator, smust be -1 or -2. (Vaues of swhich make the denominator of H (s) zero are
called poles of the system function.) The frequencies represented by the poles are clearly not
coming from the zero driving source. Instead, they represent natural frequencies of the system;
frequencies for which an output is possible even with a zero forcing function.

We have seen natural frequencies like these before. They indicate a response of the form

v)=Ae'+Ae?

Therefore, H (s) provides information regarding the natural as well as the forced
response of a system. The natural frequencies of the response are represented by the poles of
the system function, H(s).

4. Poles and Zeros

For many systems, the system function, H(s), is a ratio of two polynomials in s of the
form of Equation 8. There are a5 many roots of the numerator and of the denominator as the order
of each respective polynomial. The roots of the numerator polynomial are called zeros of H{s),
and the roots of the denominator are the poles of H(s). Of course, values of s are frequencies and
roots of real polymomials can be real or complex conjugates. Therefore, the zeros and poles of
H(s) can be plotted in the complex plane. For example, the function of Equation 17 has poles of -
2 and -1, and zeros Df'ij"crl This function is repeated below. A plot of the poles and zeros of
H{s) is given in Figure 11.

- sf+2
HE) = 3636+ D (19)

ju
L
3 plane
poles \
I.-"" ! . -
\
2 -1 :;D-'l
s

Figure 11 Pole-Zero diagram for H(s) of Equation (19)
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Pole signifi

Remember that H(s) is a fraction representing the output over the input as a function of s.
A pole of H(s) is a frequency which makes the denominator (but not the numerator) of H(s) equal
to zero. Another way of saying this is that at this frequency, an output (numerator) is possible
even with a zero input (denominator). The response to a zero input driver is what we have
previously defined as the natural response of the system. The poles of the system function
therefore are the natural frequencies of the system.

£&10 significance;

Zeros are frequencies for which the numerator of H(s), and therefore H(s) itself, is zero.
Therefore, if we drive a system with a source of frequency equal to one of the zeros of H(s), the
forced nt of the response will be zero. For example, if we apply a source to the
system of Figure 9 (Equation (19)), and set the frequency of this source to £jV2, the forced
response (voltage across a-b) will be zero. (Such a source would be i(t) = A cos Y2t To this
current, the LC path looks like a short circuit. Can you verify this™).

5. Frequency Response Plots
A common way of portraying the behavior of a systemn is to construct plots of the

magnitude of H(jow) and angle of H(jw) vs. @ (frequency response plots). Although these plots
directly illustrate only the system’s forced response for pure sinusoidal forcing functions, much
can be inferred regarding the suitability of the system for use with other waveforms as well. For
example, a “flat” gain vs. frequency plot over the audio range for an amplifier is an indication that
it will reproduce sound waves {udiicfl may not be sinusoidal) in such a way that the ear cannot
detect any distortion.

Lowpass Filter:

A lowpass filter is a systern which transmits low frequency signals, but attenuates high
frequency signals. In the lobby outside a concert hall you may hear only drum and base note
sounds because the walls of the building are acting as a lowpass filter, allowing only the low
frequency sounds to pass through. A scratchy phonograph record may sound better if a lowpass
filter is used to reduce the amplitude of the high frequency scratch-induced sounds while passing
the slower music vibrations. The lowpass filter of a car's suspension system blocks sudden
bumps the tires may hit from being noticed by the occupants.

The system shown in Figure 12 is a generalized diagram of a very simple simple lowpass
filter. The H(s) transfer function is given on the right. To obtain frequency response plots,

replace s by jo and form expressions for magnitude and angle of H(jw) vs. o

R6
His)= ——
W CT YO0 g = 1
- Vi+w?R P

AH(iw) < -tan@@RC)

Figure 12
Lowpass Filter and its transfer function magnitude and angle as functicns of w.
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Plots of magnitude and angle of H(jw) are given in Figure 13. These plots can be sketched
by reference 1o the expressions in Figure 12 which indicate that for c={), the magnitude is 1 and

the angle is zero, and that as @—be=, the magnitude goes to zero and the angle to -90°. One
additional point of interest is the frequency at which the magnitde drops o 142 = 0.707 of its
highest value. For the LP filter of Figure 12, this occurs at @ = 1/RC, which may be called the
“cutoff” or half-power fregency.

1 | HG@)|

Figure 13

Magnitude and angle of H (jw) vs. w (right), and
pole-zero diagram from which plots can be constructed (left).

The plots of Fi 13 can also be skerched by reference to the system's pole-zero diagram as
shown at the left. The difference between rwo complex nombers can be represented graphically as
the distance between them on the complex plane. For example, the complex numbers A = 3 - |1,
and B =1 + j2, are shown in Figure 14. The difference between these numbers, A-B =2-j3is
represented by the line from B w0 A.

Figure 14
Difference of two complex numbers is the distance between them on the complex
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Note that the magnitude of A - B is V13, the length of the line joining the points, and the
angle, tan “1{-3/2), is the angle the line makes with the real axis.

Mow consider a typical H(s) system function in which the numerator and denominator
polynomials have been factored to indicate pole (p;) and zero (z;) values.
(s-2)s - Iz}

(8- p)s - py) . 20)

H(s) = K

Each numerator factor and is a difference between two complex numbers (s and a zero of
H (s)). Likewise, each denominator factor isthe complex difference between sand a pole value
From Figure 14 we saw that such differences can be represented by aline from the particul ar
pole or zero to the point s. To multiply the numerator factors together, we need to multiply their
magnitudes (line lengths from zeros), and add their angles (angle with respect to the real axis).
To multiply denominator factors, multiply line lengths from polesto point s, and add angles
made by these lies with the real axis. Since we need to divide the numerator result by the
denominator result (and multiply by scalar K) divide resulting magnitudes and subtract
denominator angle from numerator angle. These rules are summarized in Equations 21.

product of distances from zeros to point s
product of distances from poles to point s

magnitude of H(s) = K

angle of H(s) = (sum of angles from zeros) - (sum of angles from poles) (21)

For example, consider the H(s) function of Equation 18 and its pole-zero pattern, shown
in Figure 11. Suppose we want to evaluate H(s) for the sinusoidal frequency s=j 1. If we
substitutej 1 for sin Equation 18, each numerator and denominator factor is represented by a
line from each zero or pole to the point j1. These lines are shown in Figure 15. We could now
determine H(j1) by measuring these line lengths and their angles and applying Equation 21.

jw

ij#‘i

= il 2 plane

1--#--"--
— o
-2 -1

i
Figure 15

Distances from zeros and poles used to calculate H (j 1) .
[

This graphical approach is not particularly useful in the calculation of specific H (s) value:
in the manner indicated by Figure 15. It is often used, however, as an aid to the construction of
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frequency response plots. .

Returning to Figure 13, we apply the pole-zero technique to obtain frequency response
plots of the lowpass filter. The s value is a point moving up the jo axis. The numerator of H(s) is
, aconstant, 1/RC. The magnitude of the denominator is the distance (shown dotted in Figure 13)

from the single pole to the point s = jw. As the point moves along the jo axis, the magnitude vs.
frequency plot is generated by dividing the numerator, 1/RC, by the distance from the pole. The

angle of H(jw) is the numerator angle (0°), minus the angle from the pole which starts at 0° for ®
=0 and increases to 90° as ®@—>eo,

Highpass filter: _
A highpass filter is one which attenuates low frequency signals, but passes
higher frequency signals. A very simple highpass filter is shown in Figure 16.

[HGw)|
Il R RO
L1
C + Bl
+ R t v2 | "7/ . magnitude,
C_DX(t) ?( ) f Highpess
i ®
5 RC
He) = — 0O o)
RC p
50
jw
angle,
-'. ‘E'I'_ ____ .
= RC g _L i
RC

Fi
A simple highpass filter with its meg ]}nﬁr:u:m and frequency response plots.

Note that in this case, H(s) has both a zero and a pole. The distance from the zero is zero
at @ =10, so the magnitude plot starts off at zero. At very low w, the angle from the zero is 9%0° and
the angle from the pole is = 0. Therefore the angle of H (j@) starts off at (00° - 0°)= 90° Asw
increases, the distances from the pole and from the zero both get larger and approach = together,
so their ratio approaches unity. Since both angles approach 90, their difference goes to zetor.

The results are plotted on the right in Figure 16. Again, the cutoff frequency is @ = 1/RC. The
functions are expressed mathematically in Equation 22.
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() = joRC I wRC
= ] B C =
*JoR Vi+aelRC
ZH(jw) = 90° - tan” ' @RC) 22)

Bandpass Filter:

A bandpass filter is one which passes a narrow range of frequencies (the pass band), but
attenuates signals of frequency higher or lower than this range. The simplest form for a
bandpass filter is that of Figure 17.

rrv—|
sl _36 +
() RS Y0
o
Figure 17

Simple bandpass filter

The transfer function for this systemis given by Equation 23.

S
He =R
L 2+Rp 1
L LC (23)

Recall from our work on second order systemsthat it is convenient to express
such quadratic denominators in a more general form:

H(s)= K— 3

2
s +2c¢5+eﬁ on

where & is called the damping coefficient and @, is the undamped natural frequency. A
second order systern such as represented by Equation 24 operates as a bandpass filter only if it is
underdamped. For the underdamped case, the denominator has complex conjugate roots of -o &
juay where wy = V(w,2 - a?). As the damping coefficient, ct, is made smaller compared 1o the
undamped natural frequency, 6, the system becomes more frequency selective. The pole-zero
pattern given in Figure 18 assumes this condition, showing pole positions close to the jo axis (- @)
compared to their distance from the origin ( ay,). The corresponding frequency response plots
given in Figure 18 illustrates the selectivity of this system.

To calculate the frequency of maximum transmission, set dH (jo)l/dw equal to zero. The
frequency of the maximum is found to be . MNote that this frequncy is not exactly opposite the

pole (jea), buat slightly farther up the jo axis atjay,. At @ = @y, the (peak) value of (H(jea )l is
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K/(2a). The bandwidth, B, of the system is usually def‘umdas the frequency difference between
half power frequencies I:fIH]IJEI'H:IES where the transmission is 1/42 of the peak value). We will

call these frequencies w, and wy. To calculate the half power frequencies, set H(jw)l equal to
K/(2V2ax) and solve for @. The exact values for @, and wy are V(a? + @,?) + @. Note that from
this relation, the bandwidth, B = w, - @, is 2a.

)

2o

ju Ko
oL+ juy x 247 o

Lﬂ-zu
'Hl:

""""F""""""

BT

+g0°

lng

w
o= jady -5 ____________L—

Figure 18
Pole-zero pattern and frequency response plots of the
bandpass filter of Figure 17 and Equation 24.

The calculations described above are rather tedious. If @ « @, , certain simplifications can

be made to obtain the imponant quantities more quickly. A convenient factor used to measure the
extent of the inequality 15 Q). Q) may be defined as the frequency of maximum transmission divided

by the bandwidth, that is. /B or w,/(2c). When Q is 10 or greater, we may assume g = @y, $0
that the peak occurs at a frequency approximately opposite the pole. The half power frequencies
are then symmetrically located on the jo axis at points £t above and below @y If we assume that

the region of the peak is small and far away from the origin and the other pole, the diagram of
Figure 19 may be used to sketch the curve.

In Figure 19, since the region of interest near the pole is relatvely small (o « ), we
assume that the distances from the zero and the other pole do not vary appreciably as we move
from w; to @,. Furthermore, the angle measured from the other pole stays very close to $0°
throughout this region. Therefore, the magnitude of H(jw) in this region can be approximated as
K times the distance from the zero (W) divided by the distance from the lower pole (=2, and

divided by the distance from the upper pole  varies between ¥2a at @ and @, t0 & at @), This

System Function XI1 19 © T.W.Moore 1992



gives the same result for the peak magnitude as the exact method above, Kf(2¢). At s = ja, the
angle of H(s) is approximately 90° (angle from the zero) minus 90° (angle from the lower pole), or
(°. (The angle from the upper pole is zero.) At @, and @, the angle from the upper pole is -450
and + 457, while the angles from the other pole and zero remain the same. Therefore, the angle of
H jas) is £45° at these frequencies.

To region of interest:
Dristames from ] [
sthar ol =2 Wy Distanee from 2ere = @y

Aagle from othar pole = 9" ANl from 2 = g”

Figure 19
Region of jw axis near the upper pole.

Log-dB or Bode Plots:

The frequency response plots presented in the previous section plotted magnitude vs.
frequency on linear scales. In nature, many physical and physiological responses occur on a
logarithmic rather than alinear scale. Sound intensity is measured by the average energy
received per unit area. However, when sound is received by the ear, its loudnessis perceived to
be more on alogarithmic scale, that is, the sound seems twice as loud when the intensity
increases by an order of magnitude. The bel, a unit named after Alexander Graham Bell is
designed to measure energy ratios on this basis. It is simply the loglo of the energy ratio. A
more conveniently sized unit is the decibel, abbreviated dB. Its definition is:

No.of dB = 101og,; £
0

(25)

where Ej is a reference energy and E is the measured energy. You may have seen
references to sound intensities measured in dB, such as normal conversation (60 dB), rock music
(110 dB), jet engine (130 dB), etc. These are calculated by using 10712 watts per square meter (the
assumed lower limit of human hearing) as E.

When e transport is important in the analysis of systems, the dB unit is often used to
::ﬂmss the ratio of output energy per unit time to input energy per unit time. This quantity is
called power gain. Within a system, however, we may be more concerned with the amplification
of the input across or through variable than with power gain. For example, one stage of an audio
power amplifier may simply amplify voltage and have only minute currents associated with its
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input or output. To apply the dB measure to such cases, we assume that power isin genera
proportional to voltage squared or current squared. Therefore, we define the dB unit we will
use as 10 log10 of the square of theratio of voltage or current. Because of the log operation,
the exponent 2 can be brought out to multiply the 10

|y |
= 20log.. | <2
B0V

A E:
I
0

I

2
No.of dB = 101og,, | v,
| (26)

A similar expression can be formulated for the ratio of the through variable.

The number of dB represented by a given ratio can often be estimated without actually
computing the logarithms. Thisis possible by redlizing that if V2 isapower of 10 times VI, the dB
valueis simply 20 times that number. For exampleif theratio of V2 to V 1is 1000, this represents
3(20)0 dB. A ratio of 1is0 dB. If V2 issmaller than VI, the dB value is negative.

Since the 10g10(2) = .30103, a convenient approximation to add to our table of dB valuesisthat a2
to 1 ratio is approximately 6 dB (more accurately, 6.02). Table 1 lists some output to input across or
through variable ratios or "gains’, and the corresponding (in some cases approximate) dB value.

Ratio _ _dB Ratio  dB
1 0 1 !
= 5 20
1

2 6 5 -6

10 20 1 _
7 3

Tablel

Approximate dB value for several ratios

Because of the log function, the product of two or more ratios results in the addition of their
dB values (including negative dB values). For example, if the output voltage of amplifier 1 (voltage
gain =10) isfed to theinput of amplifier 2 (voltage gain = 4), the overall gain isthe product of the
individual gains or 40 times. The gain in dB may be found by breaking down the
overall gain multiplier into components found in Table 1. 40 = 10 x 2 x 2, so from Table 1 we have 20 +
6 + 6 = 32 dB. If this output now goes to a voltage divider which attenuates the voltage by a factor of
1/8, then -18 dB (3x -6) must be added reducing the overall gain to 14 dB. Note that the gain now is 5.
We could find the number of dB representing again of 5 by finding any combination of items from
Table 1 which multiply together to give 5, for example| Ox 112. Then 20dB - 6 dB = 14 dB.

A logarithmic scale is al so often used to portray the frequency variable. Frequency response
plots are often drawn on semi=log paper with frequency plotted on the log scale and gain plotted in
units of dB. These plots and their use in automatic controls was originated by H.W. Bode and therefore
are often called Bode plots. Bode plots made for transfer functions of linear
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systems of the type we have been studying, often are a series of straight lines over wide ranges of frequency.
Since cascading of such systems results in the addition of their individual dB gains, the result can be
obtained graphically by adding straight lines.

We will develop alibrary of Bode plots for simple transfer functions of one or two poles or zeros.
These can then be combined to produce plots of transfer functions of greater complexity.

Bode Plots;
Definition:  Magnitude ploc Plot of [H(jw)l in dB vs. @ on a log scale.
Angle plot: Plot of the angle of H(jw) vs. @ on a log scale.

The technique of constructing Bode plots of H(s) isto consider the multiplying constant,
the zeros and the poles separately. After sketching the graph produced by each of these factors,
the graphs are added together to obtain the overal plot We will investigate the characteristic plot
each of these factors produces:

1. H{jw) =K (a constant).
Number of dB is a constant, 20 log,(K). Angle is always zero. Bode plot of
magnitude is:

dB , 20 log  (K)

0.1 1 10 100 1000

Figure 20
Bode magnitude plot of H{jw) = K. (Angle is zero for all w)

2. Pole at the origin: H(jw) = 1/jo.

dB =20 logg(1/w) =-20 log;g(w). The angle is -90° for all frequencies. Because
@ is plotted on a log scale, points such as w=1, w=10, w=100, etc., will be equally spaced. From -
20 log (), we see that every time @ is increased by a factor of 10, the number of dB reduces by
20. Therefore, the Bode plot is a straight line of slope -20 dB per decade, where decade means a
10 times increase in frequency. Any repeated frequency ratio measures equal steps on the © axis.
For example, w,, 2 wy, 4 wy, 8 w,, ete. are also equally spaced frequency points. Each doubling
of @ in -20 log;,(w) results in an additional - 6 dB. Therefore, the slope of the line could also be
described as -6 dB per gctave. In addition to the slope, we need one point to plot the line. The
easiest value to find is that for @ = 1 where -20 log,5(1) = 0. Therefore, the Bode plot is a straight

line of slope -20 dB/decade passing through 0 dB atw = 1:
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dB

1 slope = -20 dB/decade
i %

204

—0 . —_—
0.001 0.01 0.1 hm

Figure 21
Bode magnitude plot of H{jw)=1/jo (Angle is -90° for all w).

3. Zero at the origin: H(jo) = ja.
dB = 20 logp(w). This function has the fixed angle 90°. Its magnitude plot is a

straight line of +20 dB per decade, passing through 0 dB at @ = 1.

dB

g0l slope = +20 dB/decade

40

Eu-

—0- — —w
0.1 1 10 100 1000

Figure 22
Bode magnitude plot for H(jw) = joo. (Angle is +90° for all w.)

Note that for cases 2 and 3, if the function is raised to an integer power, for example,
H (je) = (juF*", the slope becomes +n 20 dB/decade, and the angle becomes +n 902,

4. Simple zero in the numerator: H{jw) = 1+ joio,
For this function, consider two frequency ranges: @, » @ and ©» @,
For @, » @, H(jw) = 1, or zero dB with angle 0°. For w » w,, the 1 is negligible. Therefore,
H (jow)l = e/eo,. From 3 and 1 above, this is a straight line of slope +20 dB per decade which
crosses 0 dB at @ = w,. The angle in the high frequency range is approximately $0°. The straight
lines obtained for the two frequency extremes are asymptotes for the true plot. These asymptotes

intersect at © = w,, sometimes called the break frequency or comer frequency. The true curve

departs from the asymptotes near the comer frequency. The maximum deviation from the
asymptotic value is approximately -3 dB at the comer frequency. Calculations of the actual values,

the asmptotic values, and the differences for the frequency range 0.1 @, > @ > 10 @, are listed in
Table 2.

System Function X123 © T.W. Moore 1992



W, true value asymptote value error
dB dB dB
0.1 +0.04 0 -0.04
0.25 + 0.26 0 -0.26
0.50 +0.97 0 -0.97
1.0 + 3.01 0 -3.01
1.31 +4.35 2.35 -2.0
2.0 +6.99 6.02 -0.97
4.0 +12.30 12.04 -0.26
10.0 +20.04 20.00 -0.04
Table 2

Magnitude difference between asymptotes and true curve near break frequency.
Error column gives the error if the asymptotic lines are used in place of the true curve.

Based on the values in Table 2, we may take 0.1w, to 10, as the range of frequencies

where there is significant departure from the asymptotes for this function. Note that the maximum
deviation, 3.01 dB, occurs at the comner frequency. 3.01 dB corresponds to a ratio of V2. If the v

or f variable decreases by V2, the power, proportional to v2 or {2, decreases by a factor of 2.
Therefore, the comer frequency for this function is sometimes referred to as the half power

frequency. The magnitude function is plotted in Figure 23. Outside the range 0. 10, to 10w, the
true curve is very close to the respective asymptotes.
dB

204

15T

T T L LT I T T e,

aTympoe

5=+
slope -EI!:'.* dB/decade

= $ w

0.lw, 0.2w, w, 20, 10w,

Figure 23
Magnitude plot of H(jw) = 1+ juve,

The asymptotic angle of H (ju) = 1+ jw'w, is 0? for low w and and %0° for high @. The
angle plot is close to these asymptotes outside the region 0.1w,< w <10w, (the errors at 0. 1o,

and 10w, are 5.7% Within this region, a straight line approximation for the frequency function is
sometimes used as shown in Figure 24,
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= Lot w
01w, w, 10w,
Figure 24
Angle of Hijw) = 1+ jovea, vs
3. Simple pole:
.o | . = ,
H(jw) = 1+j% from which dB = -Iﬂl-ugml I+j

a

o |

w,

Taking the log of the fraction yields log of the numerator (0) minus log of the denominator

Except for the negative sign, the t is the same result as in Case 4, above.

low frequency -

asymptote is again 0 dB for o, » . For @ » ¢, the negative sign this time changes the slope to

-20 dB per decade. The resultis given in Figure 25. The values from Table 2 apply again for this

function except that the signs of columns 2, 3, and 4 are reversed.

01w, 0.2, w, 2w, 10w,

L

g

=10l

4+ 8 .
dB

~ Figure 25
Magnitude plot of H(jw) = 1/(1+ jevea,)
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The angle asymptotes for this function are zero for w, » w, and now -90° for © » w,, The
angle plot is therefore just the (horizontal) reverse of Figure 24, Again, a straight line between @
= 0.1w,, and o = w, is often used to approximate this function.

6. Complex pole., Consider H(s) given below:

His) = ] = L
2 +2as + @ s+ 20w s+ o

When the damping ratio, {, is <1, complex congugate roots result. Using the second form
above for H(s), set s = jw and divide numerator and denominator by (e )2, The result, after
removal of the multiplying constant l_'l:q.,]l'z. is:

1

w2 .
1 (mﬂl +12C?i%

For t « ey, the magnitude of H(jw) is approximately 1, 5o the low frequency asymptote is
0 dB. For @ » t, the magnitude is approximately (@ /w)2, The second power means that the
asymptotic line has a slope of -40 dB/decade (-12 dB/octave). The two asymptotes mest at @ =
.

dB ; S
-
Figure 26

Magnimude plot for quadratic denominator factor,

As the true curve passes the corner frequency, the plot may vary significantly from the
asymptotes, depending on the damping ratio as shown in Figure 26, If £ is small, the plot shows a
peak in the vicinity of @y, As { is increased, the peak diminishes. At { = 0.5, the plot passes
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through the intersection of the asymptotes. For { = 2, the plot just stays below both asymptotes.
{ = 1 produces critical damping, a double root at @ = &y, For this case, the emmor between
asymptote and curve at @ = @, is 6 dB. For [ > 1, the denominator roots become real and distinct
and the result is handled by two sets of asymptotes of the type discussed under #5 above,

The deviation of the true plot of angle of H(jw) for quadratic factors is also a funcdon of £.
The asymptotes are 0P for low @ and -180° for high . Again, a straight line may be used o
approximate the curve between 0.1 oy, and 10 c,. However, the true angle may deviate
significantly from this line as indicated by Figure 27

0.1,

4 o

degrees

sensfrenan

rfrns

" | R T S B T S R R S

P
e
L=
L=

]

Fi 27
Angle plot for m%;;:x conjugate poles.
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Chapter 12 Problems

1. (a) Find H(s), and sketch the pole-zero diagram for a system whose differential equation is

dx , - d?"y dy
E+zx=F+ EEE“’L 101y

(b) If disturbed by a sudden, brief input, what type response would you expect to see from
this systemn?

2. Find H(s), the system function, for the system below. The applied force, F(t), is the input,
and the resulting velocity, v(t), is the output.
m = 0.5kg, k = 0.5 N/m, b= 0.5 Ns/m.

3. A system has

H{5}= 3 5"'_.._1
s“+6s5+10

(a) Find the system's forced response to the input x(t) = 4 &3t ().
(b) Give the of the system's natural response.

4. The input, x(t) and output, ¥(t) of a system are related according to the differential equation
given below.
(a) Give the system’s transfer function, H(s).
(b) Sketch the pole-zero diagram of H(s). Based on this diagram, what input function of
time, x(t), will produce a zero forced response, yg(t)?

2
ig—+;=2ﬂ+3d—}r

+10y
dt d-tz dt

5. A system has system function H(s) below. The input is x(t) =4 g2t ult).
H(s) = —2——

2+ 25+ 1
(2) Find the forced response, y¢(t).

dy .+
. —0 ) =0.
(b) Find the complete response if y(0*) = -8,and  dt )
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6. For each system below,
(a) Find H(s) directly from the diagram
(b) Use H(s) to write the form of the natural response.

(c) Use H(s) to determine the differential equation relating x(t) and y(t).
(d) For the elecmic system, find the forced response if x(t) = 42 ult).

. y(t)

x(t) D'EFH-I 10 Fit] x(t) @:D E

v

(b) Fork=0.5, ﬁnil ﬂ'ue forced response if x(t) = V2 ¢! cos(t) l.'ll.'t-}.
&. For the system functon

s +9
H(s) = ———
® s[sz + 16)

(a) Sketch a pole-zero diagram.

(b) Find the forced response if the input is 5 e u(t).
() Write the form of the natural response.

9. In the mechanical system shown, a mass slides on africtionless plane between two damping

elements and a spring. A driving force F (the input) is applied at terminal A, which resultsin

velocity v of theterminal (the output). The parameters of the system are:
bl =b2=1Nsm m = 1/Z Ns2/m k=2N/m
(@) Find the system function, H(s). (b) Sketch the pole-zero

diagram of H(s). (c) Give the form of the natural part of the
velocity response.

(d) Suppose the driver is changed to an ideal velocity source and the response is now
defined to be the reaction force of damper b (force at point A). For this case, give the

natural form of the reaction force. (e) If the velocity sourceisv(t) = 12 cos(2t) u(t), find the

forced component of the force at point A.

v(t)

F(t)
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10. Sketch the straight line asymptotes of a log-db (Bode) plot of magnitude and phase angle of
H(s). Label al important values, including break frequencies, slope, and angle values.

= 100 s
HE) = 5370 (s 7 100)

11. For the H(s) function below, sketch a pole-zero diagram. Using this diagram, sketch plots of
magnitude and phase angle of H{jw) vs w on a linear scale.

2500 (s + 64)
His) =
2 (s2 + 25) (s* + 100)

12. Floor vibrationsina TV studio result in ajittery picture. The camera, of mass m, is mounted on
a shock absorbing stand which may be modeled as a parallel spring, k, and damper, b, as shown
below.

(a) Find H(s), the transfer function between vertical floor velocity V f(s), as an input, and

vertical camera velocity, Vc(s), as an output, in terms of m, k, and b.
(b) It is desirable that this system be overdamped (non-oscillatory). If b = 2
and k =1, what range of mass is acceptable for the camera?
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Systems Chapter 13 Study, Guide

Laplace Transform

A. Concepts Addressed By This Topic
1. Direct and Inverse Transform.
2. Laplace Transform Theorems
3. Representation of Initial Conditions
4. Complete Solution of System Response

B. Introduction

The Laplace transform is a mathematical operation performed on afunction (in our
case afunction of time) which convertsit to afunction of anew variable, s. By convention, we
use lower case letters to represent time functions (e.g , X(t)), and corresponding capital lettersto
represent their Laplace transforms (e.g.,, X(s)). We WI|| find that sis the same complex variable
we have encountered before (s = a + jw). The prime advantage to the application of 1-aplace
transform to system analysisis that the transform of a derivative or integral of atime functionis
an algebraic function of s. Therefore, the Laplace transform can be used to convert the
differential equationsinvolving a system variable, y(t), to algebraic equations involving its
transform, Y (s). After solving the transformed equations for Y (s), we can find the znverse
transform, which isy(t), the solution of the differential equation.

Laplace transform techniques are most commonly used to determine transient behavior of
systems. That is, the dynamics of the system during start-up, or when some sudden changein
state occurs such as a sudden application of aload. Often, when systems use feedback |oops to
aid in control, instability may occur. Pole-zero plots of the system variable, Y (s), can be used to
investigate under what conditions instability might result As we have seen already, pole-zero
diagrams can also be used to determine many aspects of system behavior.

C. Instructional Objectives
A student who masters this materia will be able to
1. Determine the Laplace transform of common time functions found in linear

systems.

2. Use partial fraction expansion to find the inverse transform of typical Y (s)
functions.

3. Solve linear differential equations using Laplace
transform.

4. Redraw linear system diagrams with Laplace transformed equivalent
elements.

5. Handle initial conditionsin energy storage elements using Laplace equivalent
circuits.

6. Given atypical system diagram, redraw it in Laplace transformed form, solve for the
desired variable as afunction of s. then find the inverse transform of that variable.

D. Study Procedure

Read Chapter 13. In addition, almost every referenced book listed in the front of this
manual includes a chapter or chapters on Laplace transform. Among the better ones are
References 1, 6, 9, and 13.
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Chapter 13
L aplace Transform

1. Definitions:

The Laplace transform is a mathematical operation which, in our context of system
theory, converts afunction of time, x(t), into afunction of frequency, X(s). The operation is
given in Equation 1 and may be referred to as "taking the Laplace transform of x(t)".

L{x(t)] = X(s) = jxm Sty
0 @)

This integral (1) may not converge for all x(t) or for all values of s. For most functions we
encounter in systems, the integral will converge over a range of s. For example, if x is a constant,
the integral will converge only if Re(s) = 6 > (. As long as a value of s can be found which results
in convergence, the transform is said to exist. The function X(s) is called the Laplace transform of
x(t). Note that function X is not the same function as x. The use of the same letter capitalized is
simply a way of pairing the time function with its transform.

Taking the inverse Laplace transform (going from X(s) to x(t)) requires integration in the
complex plane. For most applications, we will find easier ways to perform this operation than the
use of the complex integral. However, it is given here for completeness.

O+jes
LUXE)] = x() = _[ X(s) e% ds
G-jee (2

The ransform of a function of dme and its inverse ransform together form a “transform

pair”. The correspondence of these functions is sometimes noted by the symbol = as shown

below. Remember that this 15 not an equal sign. It is incorrect to put an equal sign between a time
function and its transform!

x(t) & X(s)

We will use the definition to obtain transforms of several common
functions: (al x(t) = 1 or u(t) Both have the same transform.)

CONVEergence
Jfor g =0,
I - -(0 + jw)es
Llult)] = I[l]e:'ﬂdt = -%e"“ [l] = .= = =1 :—i
0

(3)
MNote that 1o make the function vanish at the epper limit, Re(s) =0 > 0. Therefore, the

region of convergence for this integral is the right half of the s plane.
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(b) x(t)=e or x(t) =e A u(p):

Ie"“ e¥d = J-e'l:sﬂh dt = s-j 3 g (¥l I: = ﬁ
0 0 (4)
(c) x(t) = &{t):
X(s) = J Sty et dt = 1
0" choose lower limit
T 1o include impulse. (5)

It is useful to construct atable of transforms of the most commonly used functions.
Entriesin thistable can be obtained using the transform definition as was done in Equations 3-5'
In addition, M aple provides a Laplace transform combed. To determine the Laplace transform of
afunction of time using Maple, first invoke the library with: readlib(laplace); Then, use
laplace(expr ,t,5); where expr is the time function. For example, after the library call, we can find
the Laplace transform of x(t) = sin(2t) by typing laplace(sin(2*t),ts);

Certain transform theorems, given below, are helpful in determining transforms. Proof
of each theorem isincluded only where it helpsin understanding the use of the theorerm As
each theorem is presented, it is used to generate a new entry in the transform table.

2. Transform Theorems

Note: In all theorems below, it is assumed that x(t) and X(s) are atransform

L Ligessi
Llagx (t) + asx4(t) + ...] = a;X(s) + a5 X5(s) + ... (6)
Example of pse:
' I Y
we know that sm{ml]l—[ljl: . ijc ]
. jor. ] gy 1

From Equation 4, L[e ]——E_jﬂ:I and Le 1 __5+jm
So. . _afor 1L e

S S Ij[!--]ﬂl o | T e )
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2. First Derivative

L{m] s X(s) -x(07)

Use integration by pans: u=e5!, dv =dx:
J.udv = uvr- - I!-'du = ¢ " x(1) |H - Jx{t}[-s]c'“dt

i u ' ':r u—

If the transform exists, '”:{t}gn:smzcmast-pw s0 the first term is -x(07). After
removing -5 from the integral, we see that this term is just sX(s), proving Equation 8.

Example of use:
msm=%—§;[sin e |
Therefore, L [cosat] = L[s—0 - 0] = —
[ ] m{ssz_]_m: T] "1—5 P
sinait ate =10

- We can operate with (8) on the second derivative (derivative of the first derivative) to-ger

L[S (S x@)] = s[sXE) - x(0)]-X(0) = £X(s) - s X(0) - x(0)

In general, for the nth derivative,

{PIiiﬂﬂJ
n
L x@)] = s"X(s) - s x0) - ™2 x(0) - . . . - x*V07)
dt (9}

Example of use:
Given: Ei—}' +3y=06u(), yilr ) =0.
Take wransform term by term: [25Y(s) -y (07 )] + 3Y(s) =2

. 6 _ 3 2 2

¥Gs) s{25+3)

5[5+%] : 5+

tod 1z
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We have already found these transforms (Equations 3 and 4), so theinverseis

x(=2[1-e-1, (>0

4. Transform of an integral
.
: Jx{l}dl
cifxmay = X2 2
4 (10)

In most of our applications, the second term will be zero.

Example of use: Find L[ r (t)], the mansform of a ramp function.
t

Now, r(t) -J' u()dr Since Lu®]=1, then L{r]=-L
&
.-

[
Nmﬂmtmisismﬁ:r&mwamﬂngj‘tc'm&
i

Note also that we now have transforms for the unit ramp, unit step, and unit impulse of
_[;'52, 1/s, and 1, respectively. From this we can deduce the transforms of further derivatves or
integrals of these singularity functons.

3._Frequency shift

Replacement of s by (s + a) in X(s) is equivalent to multiplication of (1) by e,

Lle®x()] = X(s+a) (11)
Proof:

I:’m x(t) e = Jx{t} :'{m:” dt = X5 +a)

0 0

Example of use: Find L[ ¢ sin wt )
We know from Equation 7 that  sinat < o

s* +
So, L[e®sinen] = ——L— Similarly, L [e® cos wi ] E_%_ _
(s +a) ""ﬂ:lz (s +a) .|.m1_
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6. Time shift 1 )
Shifting a function of time by t, seconds on the time axis is equivalent o multplying its
transform by e %%, This is the dual of the frequency shift theorem just discussed.

LIx(t-t)ult-t)] = e5®X(s) (12)

Important: To shift the time functon, the step function must also reflect the shift!

Example of use: Find the ransform of a one half cycle pulse, x(t) = sin xt, from zero to 1
on the t axis, zero elsewhere. Solution: The function can be written as the difference of two
sinusoids: x(t) =[sin mt] w(t) - [sin x(t-1)] w(t-1). Then from Equation 7 and the time-shift
ﬂI.I:-DIEEIl.

X(s) = —2—[1+¢9
(s) 5+ w2

Find the mansform of the rectangular pulse x(t) = u(t) - wit-1)
This 15 the ransform of a step and the transform of a shifted step:
K{s}:%[ 1+e7%]

Using this result, find the ransform of the waveform below:

01 2 3 4 5

The transform of the first pulse is, as we determined above, S5} = %[ 1+e%)
If this transform is now multiplied by ¢725, ¢*%5, etc., we generate the the other pulses in the train
(the first pulse delayed by 2, 4, etc.). Therefore, Xis) = EL[ l-e3)[1+e254+e45 5 ]
1
1-2"% so

Theseries 1+e®+e~*54 .. is generated by the fraction

-5
15

l-&

X(s) = sl

l-e”

From this result we see that it is possible to obtain the transform of a periodic function by
finding the transform of one period, then dividing this ransform by 1 - e, where T is the
period.
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7. Convolution
The transform of the convolution of two time functionsis the product of their

individual transforms.

-
¥t} = j"l':?"]' x, (t-1) dh, where x,(t) & X (s) and x,(t) & X (s)

If we assume ~7 does not start before X = 0, the lower limit can be adjusted to zero.
Then the transform is:

L [y(n)] = I [ j:]{l}xz(t-l}dl lc‘“ dt
0 [u

where the outside integral is on t and the inside integral is on A. Now reverse the order of
integraton;

L [yl = ‘[x,ﬂ-} [ X (t-A) ¢t dt Wd:h.
o o J

The interior integral is the wansform of a time-shifted function so from (12) it represents
&5 X,(s). Replacing the integral with this expression yields

X0 [xmeta = x,6 X0
a

Therefore, L[x (1) * x,(1)] = X,(s) X,(5) (13)

This theorem is very useful in system analysis. We know that the convolution of the input
function, x{t), with the impulse response, h(t), yvields the output funcdon, v(t). We now see that if
we take the Laplace ransforms of x(t) and w(t) first, we can multply these functions of s together
to get Y(s), the ransform of the output function.

Example of use: A system has an impulse response hit) =2 e h u(tyand x(t) =3 e H ult)
is applied to its input. Find the resulting output functon, y{t).

The transforms are, using Equaton 4, His) = 205 + 3) and X(s) = 3/{s + 4). Y(s)is the
product of these transforms:

6 __ B 6 At At -
YO = e d "G Gy o 8T - 67T ) ul =y

The expansion of the original fraction into the two partial fsns enabled us to use
Equation 4 to get the inverse transform. The methods of partial fraction expansion will be
discussed in the next section.
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8. Product of time functions:
Just as the frequency shift and time shift theorems were duals, this theorem is the dua of
Theorem 7. The transform of the product of two time functions may be obtained by the
complex convolution of their transforms. Unfortunately, because Laplace transforms are
complex functions, the convolution integral involves integration over a path in the complex
plane. Evaluation of thiskind of integral is beyond the scone of this course.

C+ o
L[ xl{tj xz{t)] = ;?J J }{1{5 - A) :'{:,_ (A) dA
C-jeo (14)

9. scaling
If the variable t is multiplied by a constant in the time function, the transform has its amplitude
and the frequency variable s divided by that same constant. As an example, suppose atape
recording of a sinusoidal tone is played at twice normal speed. Then its plot on the time axis
will be compressed (be over twice as fast), but its frequency will be expanded in the s domain
(pitch an octave higher)'

Lix@)] = + X(£), a0

15

Proof: (1)

L. ] - -] - i

J x(athe S dt = J‘x[at} e Q@ E{-:!—}

U] ]
The integral on the right, after bringing the 1/a factor out, is the Laplace ransform

definition with t replaced by at and s replaced by sfa. Therefore, Equarion 15 follows.
Litx®] = - X(s)
ds (16)

This relation is obmined simply by differentating both sides of the transform definition
(Equation 1) with respect to 5.

Example of use: Find the transform of t ¢ We know the transform of e 8 is 1/(s + a).

a1 | _1
d5k5+a‘| {E+aj2
This theorem can be used repeatedly o handle multplicaton by 11, 13. elc.
11. Initial Valge Theorem

This theorem permits the determinaton of the initial (t=0") value of the time functon
directly from its wansform without first finding the inverse ransform.

. -
gﬂn“ sXx(s) = x(0) an
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Proof: We start with the wansform of the derivative (Equation £):
dx) o (% o5t g = sX(s) - (0
Lrg ] j G ¢ O = sX(s) - x(0)

Take the limit of both sides as s—e=, If @ >0, ¢ — 0 as s—+= except for t = 0 where
eStig ], If dx/dt is finite at t = () (meaning that x(t) is continuous at t = (), then the integral is also
zero over this point (t =0 to t =07). With the integral zero at all points, the equation above
becomes 0 = sX(s) -x(07). Since x(t) is continuous at t = 0, x(0%) = x(0") and Equation 17 results.

Suppose x(t) has a step discontinuity at t = 0, jumping from x{07) o x(0%). Then the
derivative at t =0 is [x(0%) - x(07)] 8(t). The integral is still zero for all t except t =0, At this point
the impulse function in the mtcp‘md produces the value x(0™) - x(07).

jﬂi St g = j [X(0) - x(07)] (1) dt = x(07) - x(0") = Bm_[sX() - x(0)]

S—pees
The x{07) on both sides ufthe last equality cancel, again resolting in Equarion 17.

Example of use: The output of a system is given below. Find x(0™*).

Y{5}= 25 + 3
s+ 5+ 1

bm 5M=1=Iﬂ"
= sl es 41 ©)

12. Final ¥alue Theorem
This theorem permits the determination of the final (t—e<) value of the time function
directly from its transform without first finding the inverse ransform.

][ig-'“ x(t) = lsi_mmaxfs} 18)

Warning: This nght side of Equation 18 gives a value whether the left side limnit exists or
not! If the dme function limit does exist, the valee obtained from the right side will be correct
The proof of this theorem is similar to that used for the inital value theorem. Start again

with Equation 8, but this time take the limit of both sides as s—(0.

Examples of use:

The first example shows a correct calculation of the final value. The final value of the
function 1 - ¢2* is 1 which is determined below from its ransform, using the final value theorem.

2 lim 52 = ]
s(s+2) =30 5 (5 + 2)

1-e™" &=
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The second example shows an incorrect result which can occur if the time function does not

approach a final value as t — oo, We try to find the final value of sin wt. The theorem incorrectly
gives an answer of 0.

() im =39 __ ¢

sin @t <
2 + o? s0 5?2 + @?

The transforms derived so far are summarized in the following table’ Additional
transforms may be obtained by application of the preceding theorems to the transforms in the table.

Table of Transforms

x(t) Als) x() Als)
1. &0 1
1 u{t} L ﬁ‘ te -at 1 5
) 5 (s + a)
3, it 1
sta T e sinht E 5
4. sin wt = (s+a) + b
52 + l'.l'.'l1
-at s+a
5. cos @t L 8. e cosht ~ 3 2
2 4+ @2 (s+a) +b

4. Inverse Transforms: Partial Fractions
When a system containing ideal sources and R, L, and C ideal elements is solved by
writing loop or node equatdons, the resulting differental equation takes the form

n n-1 m m-1
dy d x
ks - = b —= h
B A T g Y = b

If the Laplace transform is taken term-by-term, the left side becomes:

[agsM+a; sl + ... +a ,s+a]Y(s) + [initial condition terms]
The initial condition terms form a polynomial in s, as does the coefficient of Y(3).
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Theright side of the equation transformsinto a similar
[bys™+by sl + . +b,  s+by,]X(s) + [initial condition terms]

When this equation is solved for the output transform, Y (s), the result is a fraction of
two polynomialsin s

Y(s) = P(s)
Q(s) (19)

where P(s) and Q(s) are polynomials with real coefficients. The final step in the solution of
y(t) isnow to find the inverse transform of Y (s). There are several waysto obtain the inverse
transform' The least likely to be practical isto apply the inverse transform integral, Equation 2. A
second way isto look up Y(s) in alarge tables of transforms which you can buy or find in the library.
Thisis often inconvenient and time-consuming. M aple provides an inverse transform function ;uviapiace
which isathird way to find inverse transforms. Before using invlaplace, you must first invoke the
Laplace library by the command

readlib(laplace);
Then, for example, if you want the inverse transform of (s + 1)/ s(s + 2), you would use
invliaplace((stl)/s* (s+2),s1);

If neither the large table of transforms nor a Maple equipped computer is available, you
must fall back on atechnique which can ssimplify Y (s) into a series of forms whose inverse
transforms you already know' The procedure is called "partial fraction expansion”. This process
forms a separate fraction for each denominator factor of Equation 19. The inverse transform is then
taken term by term.

Steps in Partial Fraction Expansion of P(s)/Q(S):

1. Be sure that the numerator polynomial, P(s), is of lower order than the denominator
polynomial, Q(s). If thisis not the case, perform long division to obtain terms of powers of sand
aremainder with numerator of lower order than the denominator:

2. Factor the denominator. Roots
will be;

A. Redl, distinct. The partial fractions take the form

P(s) _ P(s) _ K, . K, . N K,
Qis) {s-sl}ts-szj...{s-sn} 5-5,  5-5, Tt T E-sy

B. Complex conjugate pairs. Partial fractions are complex conjugates:

o

£+C I{] K'l

— + -
$* + as +b s+oa+jp  s+a-jp
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C. Repeated Form as many partial fractions as the power of the factor.

Pis) _ Ky Ky . Klg

= + + ...
(s +a)d (s+a) (s+ il]'3 (s+ a}q

3' For each casein step 2, the K values must be determined. Thisis smply an algebra
problem. One way to proceed is to multiply through by the denominator, Q(s), then equate
like powers of s. A method which is usually faster is outlined below in the examples

Example 1: (Numerator not lower order than denominator)

2
?{3}:-—————5 :_2‘_24-2

This fraction has numerator of higher order than the denominator. Therefore, use
long division:

s +1

s+1| sZ2+2s+2

2+ s SO Y(s)=s+1+S
s+2
s+1

1

1
+1

From which y(t) = 8'(t) + 8(t) + € " Lu(t)

Example 2A: (Roots real, distinet) Y(s) = (25 + 30/ (s2 + 35+ 2)

258+3 - K, - K,
(s+1Ms+2) s+1 s5+2

Multiply through by s + 1, then take the limit of both sides as s—-1 (the root):

!

25+3 K, | K, |
. (8+1)—=mrm—e | 1 I 1| , I 2
Shn:h [ (s + 1JE3+2:'}_S]EI|LL5+” s+1) +31:.1111|L(5+ 1) s+11|

The limits are: 1 = Ki = 0
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This technique will always result in one numerator constant (of the root used in
the multiplication) alone on the right side' We can summarize the process with the

P (O
%= 69w |

5—}51. (19)

Using the same procedure on the second root,

25+ 3 | -1
= 2. — e T g |
=66 | T
§=3-2
_ 1 1 = ot - 2t
5n+"t"|‘_s}|-—s+1 +_s+1 or, yil = e + e , >0

Example 2B: Complex conjugate roots:

2
Y(s)=—S_t05+3 {quadratic formula gives denominator roots of -2 £ j )

5{32+# 5+ 5)
s +6s+5 =£ + K, + K,
sis+2+jis+2-7) 5 s+2+] §+2-]

2 2
K =f +ﬁ$+5| =1 =5 +6s5+5 | . .
1 511_45_‘_5' Kl s(s+2-7) =] 50 K;—'J

s =0 $=5 -2:j

1 i -]
Then, Yi(s) S + $+2+j + 5+I-j
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At this point, there are two possibilities. We can use Transform 3 from our table on
each term, then use the Euler identity to combine terms:

x(t) = 1+jel-20t . jel240t = 1 5 jetedt_elt) = 1+ 2e2sint, 0.

The second possibility isto combine the two complex fractions above,

Y=+ —2— o 142¢ sint
(s+2) +1

A third approach isto separate the original Y (s) fraction into

Yis) =L 4 _As+EB
3 g24d4s5+5

The 1 numerator of the first fraction was found as illustrated above. The second fraction
numerator must allow for an sterm as well as a constant, since the denominator has s2. A and B
can be found by performing the subtraction of 1/sfrom Y (s), or by multiplying through by the
denominator of Y(s) and then equating like powersof s. TheresultisA=0and B =2

Example 2C: Repesated roots:

Y(5) = 28T#35+2 Ky B2 . Ky

(s+1)° s+1 (s+1°  (s+1)

l. (a) Multiply through by (s + 1) 2%+ 35+2 = K;; (s+1)* + Kpp(s+1) + K5
{(b)  lets — the root, -1 2 -3 +1= 0 + 0 + Ky
S0 K13 = 1. But this method won't work for K, (mry it).

2. Toevaluate Ky, differentiate through the equation of 1(a) above with respect to s:

ass— -1, -443=0+K;y s0Kp = -1

3. Toevaluate K, differentiate again with respect to s:

¥is) = —2— +—L - 4 L metoget s fet

L0,
G+ s+ s+l
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The first two inverse transforms are in our table (#3 and #6); the third can be derived using
Theorem 10.

Maple also provides a partial fraction expansion standard library function. The call is
convert(f,parfrac,s); wheref is the function of sto be expanded. For example, to solve the
previous example using Maple, type

convert((2* s"2+3* s+2)/(stl )*3,parfrac,s);

5. Applications of L aplace Transformsto Systems

In our discussion of forced response, we defined H(s) as the ratio of output to input when the
forcing function was an exponential function. We will now expand this concept to show that H(s), as
well asimpedance and admittance, can be found using Laplace transform, and that the complete
response of linear systems to most inputs can be found in this manner.

Assume that for each of our basic elements, R, L, and C, we have an input driver which
delivers an across variable, v, and aresponse which is the resulting through variable, f. We wish to
find H(s) for each element (H(s) in this case isimpedance, Z(s)).

generalized Resistor. v =fR

Take the Laplace transform of both sides of this equation: V(s) = F(s) R

Then,
ZR(s) =R
(20)
Generalized Inductor:
_pLdf
v=L h
‘The Uplace transform of this equationis:
V() = sLF(s) - U(0-) (21)
We cannot divide V(s) by F(s) to get a constant for Z as we did with the
resistor.
However, if we specify that f(0') is zero, then the impedance becomes
ZL(s) =sL
(22)
_cdv
f=C m
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The Laplace transform of thisequation is.

F(9) = sCV(s) - C v(0-)
(23)

Again, we cannot divide V(s) by F(s) to get a constant for Z But, if we specify that the
initial value of v is zero, then this impedance becomes

= L
Zc sC (24)

These impedance definitions (Equations 22 and 24) enable usto solve for the compl ete response of
systems without first writing the system differential equations. Thisisillustrated in the examples below.
While the restriction of no initial energy storage seems to limit the applicability of this method, we will

develop away to handle initial conditionsin the next section. Example
Find the impulse response of the system below:

20
—AAA——

(1) 'é'P zu% ;;g,

Solution: Re-draw the system using Laplace ransformed impedances and sources. Replace
each element R, L, or C value by its Laplace impedance. Replace each source value by its Laplace

transform (the transform of &(t) is 1):

2
—AA——

L
3

23 v
-

@@

21_% £+ 1

The parallel RC combination has ZF.C =
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An expression for the output, Y (s), can now be written using the voltage divider concept:

Y(s)= (1) 2 - 5+1 + Numerator same order as denominator.
24+ Ly s+2 Must use long division!
Hisi= Y(s) = 1-——= & &0 - e ult) =hin)

5+2

Example: Find v(t) in the circuit below:

) 10 l *
2u (1 2F T v(t)
1H 3

The transform of the step is 1/s, the impedances are Z; = s, Z = 1, and Z = 1/(2s).
Redraw using these Laplace values:

ORI

The current source works into Z(s) which is the parallel combination of Z~ and Zg; .
1 1
(1+S)(Zs) ) 2(s+1)

1+s+L  Z+s+d
2s

2

Z(s) =

The voltage is then I(s) times this impedance:

V(s):%-z(s)=__£.‘:.1_1_ - A, BssC
s(s2+s+5) 52+s+%

We have used a slightly different approach to set up the inverse transform for this function.
We know that the quadratic factor can be expanded into two partial fractions. If these two fractions
are recombined, they will in general yield a fraction like the second one on the right. Using the

usual procedure on A (Equation 19), we get A =2. Now, multiply through by s(s2 +s+1/2), t0
getthe equation s+ 1=2(s2+s+1/2) + Bs? + Cs. Equating like powers of s on both sides

of this equation gives, for the s2terms, 0 = 2+B, andforthesterms, 1 = 2+ C. From
these equations, we have A =2,B=-2,andC=-1.
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Vis) =%+ ;fi_?-_l_]
524-5-1-E

The second term can be put into aform found in the table if we complete the squarein
the denominator.

1
=1 (s +E}

v[5j=%+—;25_ll =%+ E-Esil 1 =§—+
+5+ = 2 i
5 5 5 5+5+4+4

The inverse transform is then v(t) =[2- 2eV2 cos (12) ] u()

Of course, this could have been found directly from the original V(s) using Maple:
invlaplace((s+1)/(s*(5"2+5+0.5)).5,1);

1,2 . 1
E+3) +5

6. Initial Energy Storage

The use of the impedance values defined in Equations 21, 22, and 24 makes possible the
formulation of systems problems directly in Laplace transform notation, without the need to first
write differential equations. However, these relations were derived under the assumption that all
initial energy storage was zero' We will now remove this requirement.

Generalized capacitor with initial energy
storage:
An A-type element has stored energy related to the across variable, v. Figure 1 shows a
generalized capacitor with across variable Vo at t = 0. v(t) and f(t) are the across and through
variables at the terminals at al times.

S
Yo ==C v(t)
Figure 1

Capacitor initially charged to V,

The relationship berween v and f for this capaciror, good fort> 0, is
i

vit) = "Jﬂ + l(’_‘j fir) dt
0 (23)

We would like to replace this element with its Laplace equivaent. Taking the
Laplace transform of equation 25 yields
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Vis) = Vgfs + (1/sC)(F(s)) (26)

We want to construct a Laplace equivalent circuit which fits Equation 26. Equation 26
looks like the equation of a Thevenin equivalent. The voltage, V(s), is the sum of two (series)
voltages. Vo/sis aconstant which represents the open circuit voltage of the capacitor (the initial
voltage remains if the capacitor is left open-circuited). The other term is the capacitive impedance
(1/sC) multiplied by the through variable (F(s)). Thisis the voltage drop across the "dead" or
uncharged capacitor. The circuit shown in the left panel of Figure 2 satisfies equation 26. If we
convert this circuit to its time domain equivalent, we get the circuit in the right panel of Figure 2.
Either of these equivalent circuits (depending on the domain) may replace a capacitor with initial
energy storage in a system diagram.

Figure?2
Thevenin equivaent circuit of a generalized capacitor with initial energy storage
Laplace domain (l€eft), time domain (right).

We can replace the circuit on the left of Figure 2 with its Norton equivalent, giving the
circuit in the left panel of Figure 3. Either the Thevenin or Norton form may be used as a
Laplace replacement for the charged capacitor. For each Laplace circuit, the time domain
equivalent is given in the right panel. None of these pictures apply for t < 0.

— o+ ' "_f(t)‘ +
cv, _]-L L ) v o v .-Jrc v(t)
| ) Figure3 )

Norton equivalent circuit of ageneralized capacitor with initial energy storage
Laplace domain (left), time domain (right).

Generalized inductor with initial energy storage:

A similar analysis provides equivalent circuits for the inductor with initial energy storage:
A T -type element has stored energy related to the through variable, £ Figure 4 shows a generalized
inductor with through variable f(0) _- FO at t = 0. v(t) and f(t) are the across and through
variables at the terminals at al times.
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Figure 4
Inductor with initial energy storage. f(0)=-F,

The relationship between v and f for this inductor is
t

ft) = -F, + %J vit) dt

0 (27)

We would like to replace this element with its Laplace equivalent Taking the Laplace
transform of equation 27 yields

F(s) - Fols+ (1/sL)(V(9)) (28)

We want to construct a Laplace equivalent circuit which fits Equation 28. Equation 28 looks like
the equation of a Norton equivalenl The through variable, F(s), flowing in at the terminals breaks into
two (parallel) parts. -FD/s is a constant which represents the short circuit flow through the inductor (the
initial flow remains constant if the inductor is short-circuited). The other term is the applied voltage
divided by thein The circuit shown in the left panel of Figure 5 satisfies equation 28. If we convert this
circuit to its time domain equivalent, we get the circuit in the right panel of Figure 5. Either of these
equivalent circuits (depending on the domain) may replace an inductor with initial energy storagein a
system diagram.

— + u—fl:t] +*
E F(s) .
2 sL Ve e Ruw L V(1)
Figure 5
Norton equivalent circuit of ageneralized inductor with initial energy
storage

We can replace the Laplace circuit on the | eft of Figure 5 with its Thevenin equivalent The
result isthe circuit in the left panel of Figure 6. Either the Norton forth (left panel of Figure 5) off.
Thevenin form (left panel of Figure 6) may be used as a Laplace transform replacement for the

Laplace Transform X1 20 ©T .W. Moore



To get the voltage across the 5L) resistor, use the voltage divider concept:

Vis) = 2—3— = —10s . W
545+ 8 $+ssv6  GFY  G+D

Multiply V(s) by (s + 3) and let s— -3 to get K, =30. Multiply by (s + 2) and let s— -2
o get Ky =-20. Then

vit) = [30e-3t . 202wy,
Example:
The platform of a scale has mass m' It is supported by a spring-damper system as shown

below. At timet = 0, a weight of 8.2 N is placed on the scale. Determine the velocity of the
scale platformfort>0if m=1kg, k=9 N/m,and b =6 Ns/m Useg = 9.8 m/s2.

l

m

k J—h

Solution:
Re-draw the system using Laplace equivalents. The mass has zero velocity at t = 0, so no initial
condition equivalent is needed for the capacitor below. The spring does have energy stored
at t = 0’ because the force due to the weight of the mass (mg) flows to ground through the spring
prior to the application of F 'Therefore, the inductor below needs a parallel through source to
represent thisinitial condition.

Yia)
F
C=m v ‘#
LI% Cf) = 51.3 ¥ gH
R=-1 -"
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Write avertex equation at the top

5 5 R sL.

9.8 - 8.2 .
v =5 g 1 18 =3F
s) 5+ 65 + 9 l[s-r-?n:ii==Jr ke i)
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Chapter 13 Problems

1. Find the Laplace ransform of the following by direct application of the definition integral.
(a) x(®=2u(t-2)  (b) y(t) =8 4 37D (c) vi(t) = u(t) - uit-1)

(d) x(t) =4 e u(-4)

2. Using only transform theorems and the given transform

Ak, _ 1
£(e™) = G+a)
find the Laplace transform of each of the following functions without integrating.
(a) x(t) =2e~ M 4302 (b) x(t) =2 &304 y(-4),
() y(t) =4 cos(2t) (d) yit) =12 e
(Hink: use Euler's Identity)
(e) y()=2+1t (&) xit) = e cos(t)

3. Find the Laplace ransform (X, (s) and X,(s)) of each of the functions pictured below.

% (t) X, (t)
10

4. Find the Laplace transform (X(s), Y (s), and V(s)) of the functions pictured below:
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5| x()
Y ue
-t
o8 sin(t) 2
—
1
. t
5 > t 0 n t o 1 2

5. Check your answersto all parts of Problems 1-5 using Maple. Y ou can use either the integral
operation:
example: to solve 4(a): int(5* exp(-t)* exp(-s*t),t=0..2);
to solve 1(d): int(4* exp(-3*t)* exp(-s*t),t=4"infinity);
(note: if the upper limit isinfinity, first set signum(s) :=I; which guarantees
positive s so that Maple finds convergence)

or use the library Laplace function which must be first called by : readlib(laplace); then,
|aplace(expr.t,s); where expr is the function of t to be transformed.

e.g. 2(d) laplace(tA2* exp(-2*1),t,9);

6. Find the Laplace transform, X(s), for each x(t) given below:
x2(t) =t sin (2t)
x,(Y)
_ Ee-z:
/’ x3(t) = &(1-2)

0 1 2 t xglt) = 3+ 2

7. Find the inverse Laplace transform of each of the following functions:

2 2 .
Fisj= 5 -5+1 b Y(s)=—5 +05+3
ade s (s+ 1) ® ¥E) 5(s% + 25+ 5)
Xis)e o=+l &) V(g =S8+
(c) Xis) Toadeds {d) Vis) e
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10(s +1) 0 Y(s) = — 205

(e) Xis)=— 5
s(s“+2s5+2) s+ 25+ 17

8. Find the inverse Laplace transform of each function below:

Y(S) = _&% Y(S) = 228
s(s +2) (s+1D)(E“+2s+2)
552+ 2s+ 20
Y(s) =

s3+4s

9. Repeat problems 7 and 8 using Maple. The commands for inverse Laplace transform are:

readlib(laplace); needed once to invoke laplace library.
invliaplace(Y (s),st); So 7(e) isinvlaplace(10* (s+)/S* (SA2+2* s+2),St);

10" Solve the following differential equations using Laplace transform:

3
&Y 1y = a8, ¥(0) =2, y(0)=0, y'(0) =2
(a) dt
&y & d
L3 A 14--1 + 445X 440y = 10u(®, ¥'(0) =-26, y'(0) =4, y(0)=172
® dr d
¢ Y 44 4 4y = up), y0) =0, y(0) =1
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Answer (c): [1/4][1 -e 28+ 2 te 2t u(r)

11. Repeat problem 10 using Maple and the dsolve function.

12' For each system below,
(a) redraw the system using Laplace transform elements.
(b) solvefor Y(s)
(c) convert to y(t).

—— PR
Ouws =5 0 Ouwe T4
(® ®
w KN
10e 2tuy () » gIH (’:)me"umw%m

© @

13. A massis pushed by steady force of 10N. It slides over an ail film with viscous friction of
b=2N ' s/m. Suddenly (at t = 0), it moves onto aregion where b = 8. Find its velocity asa
function of time.

14, Thei
x(th=10¢

ulse response of a certain system is h(t) = e u(t). Determine its response to an input
u(t) by applicadon of Laplace mansform.

15. The switch was closed for a long time, then opened at t = 0.
{a) Draw the Laplace mansform circuit including inital conditions.
(b) Obtain V(s), the Laplace ransform of the output voltage.
(¢} Find the inverse mansform, vit). (Ans. 2 el e '2', t>0.)
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16. The circuit shown was in operation for a long time when, at t = (), the switch opened.
Find v(t) for t > 0. (Ans.[ 8 -de*sindt],t>0)

"'ﬁ"' iH (Drov

+
16Y "'"g

(c) (d)

17. The motor on the left drives a rotating flywheel (moment of inerda I = 1/4 Nms2/r) ata
constant angular velocity of @ = § /s through a mechanical coupling. The rotating flywheel makes
fricoonal contact (b = 1/4 Nms/r) with a plate of negligible mass, connected to a rotational spring
(k= 1/2 Nm/r). The coupling suddenly disconnects at t = 0. Find the angular velocity of the

flywheel fort > (.

18. The circuit was in operation for a long time when, at t = (, the switch closes. Find the voltage
across the 1042 resistor on the right fort> 0. (Ans. (1/3)[ 100 + 50e3®] u(y)
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19. The circuit shown below isin equilibrium for t < 0 with the switch clos The switch then
opens at t = 0. Find an expression for the the voltage v(t), good for al time.

T w'r
200 1H 1048 I
100 ¥ 100 +
II-I% Wit
t=0 _
| A
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Systems Chapter 14 Study Guide

Transformers

A. Concepts Addressed By This Chapter

1. Mechanical, Electric, Hydraulic Transformers
2. Transformer ratio

3. Ideal Transformer

4' Equivalent Circuit Diagrams

5. Reflected Impedance

B. Introduction

For each system we have studied, we have defimed "pure" elements in which was lumped just
one particular system parameter such as mass, inductance, elastance, etc. We aso called these
elementsideal if their behavior waslinear in al cases. Basically, each element was defined to account
for aform of energy in the system, either stored or dissipated. We now cometo an ideal element
found in almost all system types which neither stores or dissipates energy. Itsimportance liesin its
ability to tranfer energy without loss while changing certain system variables. Thiselement iscalled a
"transformer". While the name transformer is most often used to denote magnetically coupled coils of
the electric transformer, most system types have elements which perform the same operation:
adjustment of values of both the across and through variables while maintaining their product (power)
constant. Examples of common transformers include levers, gears, pulleys, magnetically coupled
coils, hydraulically coupled pistons, and many others.

C. Instructional Objectives
A student mastering this material will be able
to
1. Model physical systems which include transformers.
2. Given atransformer which is part of a system, determine the transformer ratio..
3. Include the proper transformer equivalent diagram in the system model.
4. Formulate system equations by using the concept of reflected impedance.
5. Determine the proper transformer ratio to achieve maximum power transfer.

D. Study Procedure
Read Chapter 14. Additional material can be found in references 9, 11.
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Chapter 14
Transformers

1. Definition
Anideal transformer is amultiple-port system component which contains no energy
storage elements, and no energy dissipative elements (Figure 1 shows a two-port transformer). It
transfers energy among its ports with no energy loss. Since, in all systems, the law of
conservation of energy must be satisfied, = power flow into the system of Figure 1 must be zero.
In other words, power in = power out at any instant.

fa fb
— —
+ ™ System containing no [~ ° +
v energy storage or V.

.
- 0| dissipative elements. |_ .

Figure 1
Net power flow into a system containing no energy storage or dissipative elements must be zero.

In the mechanical, electrical and fluid systems we have studied, power (energy flow) isthe
product of the across and through variables. Therefore, for the system of Figure 1, vafa represents
power flowing into the system at port a, and vbfb represents power flowing into the system at port

b. Since no energy can be stored or dissipated within the system, the sum of these power flows,
(vafa+ vbfb), must be zero at any instant. This can be written in the form of Equation 1:

vafa=_ vbfb Q)

While this equation must hold true, it is not necessary that va and vb or faand fb be equal.

Components which follow the relationship of Equation 1 exist in most systems. Aswas the
case with the other system elements we have encountered, we can isolate this action and create a
generalized ideal system element to represent it A major difference between the ideal transformer
element and the other (R, L, C) ideal elementsisthat the transformer is atwo-port device. That is, it
has an input pair of terminals (a), and an output pair of terminals (b). There are, therefore, two across
variables and two through variables associated with a transformer.

2. Mechanical Transformer: Lever
Trandational Example: Lever (assumes al angles are

Va LI" Ty | & '| %
d

HI
7
po

A 1w

Figure 2
Lever isarigid, massless bar which moves without friction.
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If the lever moves,

o RO N
mzl.'a = i.'h - "|"h- rh

E r
'Fa g + FI} rb 0 50 Fb I

We define the ratio of the across variables as the “transformer ratio”, T|. Then,
v F

a a 1
—_— = 11 . — o =
Yo Fh n @)

It can be seen that Equations 2 are consistent with the general definition of Equation 1.

An equivalent diagram composed of dependent sources can be used to represent the
transformer described by Equations 2. Either diagram of Figure 3 satisfies these equations.

Fa Fb F; Fh
—_ — —_ —_—
+* F + * +
: % %v‘ : %@ ?b

Figure 3
Equivalent diagramstor an ideal transformer.

A simpler diagram is also sometimes used to represent the ideal transformers of Figure 3.
It is given in Figure 4. Here, only the essential information is supplied. This figure is understood
to mean that the across variable on the a side is T] times the across variable of the b side. The dots
indicate which terminal orientation the given ratio (1)) applies . This diagram indicates that v, as
shown is 7] times v, If the dot on the right appeared at the lower terminal instead, it would mean
that v, is 1] times -vy,
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+ o—10 e p—o +

Va n:1 v,
Figure 4

Symbol for an ideal transformer. 1}:1 is the ratio of across variables.

Example

f—Ta— 5 y

2

Mass m is placed (not dropped) on the lever shown at t = 0, at a position r, from the pivot.

The other end of the lever is constrained by a spring of spring constant k. Determnine the velocity
of the mass fort > 0.
Solutton: Since forces on each end of the this lever are downward, we will take this as the

positive direction. The transformer ratio is vyfvy, = -(ry/ty) = T|. For this case, the equivalent

diagram of the left panel of Figure 3 is best (although the other diagram can also be used o solve

the problem. Draw a diagram of the connected elements in this system. Use the ransformer

diagram in place of the lever. The mass has the same velocity as the left end of the lever, so it

i-::}u[drmmnmmd from upper terminal a to reference. The force (weight of the mass) is applied
to this terminal:

AL R®
S E F, (3) ¥,(3) .
_I:E CT:} m3 "'fl.'E’}E _'D_r] <T> ‘-,-. th{-ﬂ} ik

[
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An expression for Fb(s) in terms of Va(s) can be obtained from aloop equation on the
right side of the diagram:

va (5)
"t
Substituting and rearranging gives the solution for velocity a as a function of

Fl'.l {5] - e

E

k
2

Va(s) = 2 4

m m

The corresponding time function (inverse transform) is

_E . = k
‘l.ral:t}—msmﬂll. where @@= —lem

3. Reflected | mpedance:

In cases such as the previous example, where one side contains only passive elements (no
independent sources), and the solution is for avariable on the other side, it is often convenient to
"reflect” the impedance of these elements to the other side of the transformer. Consider a general
passive impedance. zL, connected on one side of atransformer, as shown in Figure 5:

[s-=~=S=S==S=S=--scss=s==s=

1
(] F 3 [
i Fals) H® L
E F (2 V.(3) P I
w® | DO v [=
Figure 5

Passive secondary load, zL, driven by a primary source, Va(s).

The effective impedance, Zin(s), that the source on the left worksinto iszin= ValFa.
Now, from the diagram of Figure 5,

V.

F T
Fa=-._£., and Fb=_ —_—
" 3
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v v v
7. -_3.=__§_= a = 2
mtsjl A Fb v, T ZL
O
nZ

So a passive load of impedance Z; on one side of the ransformer looks like an impedance
of 122y (or [1/m?] Zy_if the sides are reversed) from the other side.

ar—ie@ ® —o—m 4 r——
n:i Z — n?z
b o—o ——— b o—=>

Figure 6
An impedance reflected across a transformer

The previous example could have been simplified by reflecting the spring load to the input side
and thus eliminating the transformer from the calculations:

i Y 1
= Tms | N-1 31::";5 Tas T
.

4. Mechanical Transformer: Gears
Suppose two disks with non-slipping edges (or two gears) are connected to external rotational
system components which transmit torque and angular velocity asindicated in Figure 7.

Figure 7
A rotational transformer
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Assuming no slippage at the point of contact, both disks must have the same tangential
velocity. That is, to,r, = - tyry, where r, and ry, are the respective disk radii. Note that the same

will hold true, except possibly for the sign, for two disks connected by a belt. The across variable
defines the transformer ratio so

N =

]
1]
o o

28

If the rotating elements are gears (which may also be connected by a chain, asin abicycle),
the transformer ratio is also equal to the ratio between the number of teeth of each gear.

At the point of contact, assuming torque Ta applied to the shaft of ais positive, the force
exerted by disk aon disk b is Fba = Talra (downward). By Newton's 2nd law, an equal but opposite
force must be returned by b to a at the same point: Fab = Th/rb (upward). Since the magnitudes of
these forces must be equal, Fab = Fba,

T T T

: -—r-tl which means that T_l
a b b

= .1
n

These equations relating the across and through variables of the mechanical
rotational transformer are the same as those derived in Equation 1 for the mechanical
trandational transformer. Therefore, the equivalent diagrams of Figures 3 and 4 also apply to
the rotational transformer.

Example:

The washing machine motor shown below is switched on at t = 0. From that time on, it
delivers a constant amplitude, sinusoidal output torque: T =10 sin(2t) u(t). The motor, through
belt driven pulleys, drives arotational load consisting of arotor of moment of inertial = 2 Nms2, and
viscous bearing friction, b = 4 Nms. Diameters of the pulleys are da= 6 cm, and db = 24 cm. Find the
angular velocity of the rotor as afunction of time.

Solution: Use the equivalent diagram from the right-hand panel of Figure 3. To the
input (left side), connect the driving motor which is an ideal through source, Ta(s). On the right,
connect the rotational inertia, impedance 1/sl and the damping element, R=1/b.

Transformers XV 7
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e e L L T T T T T Yy

The velocity, wy, at the top node on the right can be found from a vertex equation:

NTys) = mhm [h + 81 ]

The sine-wave input torque has the Laplace transform Ty(s) = 32[ 2/(s7+4) ].
Solving the above equation for ooy (s) yields:
mh (5) =

The inverse mansform is
() = (e - cos 2t + sin 2t] u(t).

8 _ 1 s-2
+4)i+2) $+2 P44

5. Electric Transformer
Example: Magnetically coupled coils. Consider a cylindrical core on which are wound two
resistanceless coils, a and b, guﬂahalenm.micm'] b has Ny, urms. When current flows in

either coil, magnetic flux, ¢, is produced in the core. If all flux lines link all turns, we say the
transformer is "unity coupled™.

b

— N, tums

|
fa
—-—-:-
B ——— 1b
+
A v b v
a

The voltage induced in a coil of N mrns, linked by a flux of ¢ webers, is given by
Faraday's Law:

- _ N8
v TN
Since the same flux, &, links all turns of both coils, the respective voltages induced in the

Transformers X1v 8
© T. W. Moore 1992



=N 30 dé
Va Hﬂdt and \rb-NbE

We have defined the transformer ratio, 1), as the ratio of the across variables. Therefore,
for this electric transformer,

¥ N

WoN <N
b b

The total flux in the core is the sum of that produced by each current:

0 = k(igN; + ipNp)

where k is a proportionality constant. If the transformer is ideal, then, by definition, no
stored energy is allowed. (Magnetic flux indicates the presence of a magnetic field which is a form

of stored energy). Therefore, ¢ must be always zero. Since 0= i;N; + ipNp,

Iy

1
T

This meansthat if current is driven through one winding, tending to produce a magnetic
flux in the core, a current must flow in the other winding of such magnitude and direction asto
produce an equal but opposite flux, resulting in a net flux always of zero. Once again, any of
the equivalent diagrams of Figures 3 or 4 may be used for the ideal electric transformer.

Exarnple:

A public address amplifier rated at 200 watts output, has an internal impedance of 801
(usually referred to as the amplifier’s “output impedance™). By the maximum power transfer
theorem, this amplifier will deliver maximum output power to a “matched” 8L load, for example,
an 8} loudspeaker, The amplifier’s output circuit may be represented by a Thevenin equivalent, as
gatnﬁt{;hcluw We know the amplifier can deliver 200W, so its Thevenin voltage can be found to

We want to use this amplifier to drive a 500 ohm input impedance strip-chart recorder.
Using the same Thevenin equivalent for the amplifier now connected to this 500£2 load, we find
that the power delivered is only 12.4 W. The decrease in power output is caused by the fact that
the load is no longer marched to the amplifier. How can we achieve maximum power transfier
between this amplifier and the 500£) load?

TR R P TR EEEEE L ER T FressssEEEEES =S E

b

: AMA— ' ANA—
: & : LT
80 80 o 200w ‘sov 50002 12.4W
 Mached Not Matched
Solution:

The transformer must make 5000 look like 80} to the amplifier. Looking at Equation 2 and
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Figure 6, we sce that a transformer can make an impedance, Z, look like n2Z. We need a

transformer with 1) such that %(500) = 8, or 7)=0.1265. This can be approximated by a ratio
such as 10:79. A 10:79 transformer would make 5000 look like 8.01€). The power deliversd
the 500£} load in this case would be approximately 200W.

... AHp Quipm

i AMN— Transformer

i L] Lﬂﬂi
; LT . . j

6. Hydraulic Transformer

In hydraulic systems, the across and through variables are pressure, P, and fluid volumetric
flow rate, Q. The fluid system of Figure 8 illustrates one way of transforming between these
variables. Pistons aand b have faces with areas Aaand Ab, respectively, and are connected by a
rigid rod. The space between the pistons is open to atmosphere, or to some fluid reservoir of
constant pressure, PO. As was the case with our previous transformer examples, we assumerrigid,
massl ess, frictionless components.

Figure 8
Hydraulic Transformer

The force exerted by the fluid on side a against piston face a is (P, - PglA,, directed to the
right. Similarly, the force exerted by the fluid on side b against piston face bis (Fy, - Pg)Ag,

directed to the left. Since the piston systemn is massless, these forces must be equal. Therefore,
(P, - PplA, = (P, - PglAy, . After cancellaton of the Py terms, the transformer ratio, defined as the

ratio of the across variables, may be found:

P, A

oY
-
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If the pistons move, they move at the same velocity. Assume motion to the right
with velocity v. Thisvelocity isrelated to the flow rates by

. .
AR,

Theratio of flow rates on sidesaand b isthen

Q _ A

i S T |
Q A T

So this hydraulic transformer has the same basic relationships found for the other
transformers we have encountered, and the equivalent diagrams of Figures 2 and 3 may be
used for this example as well.
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Chapter 14 Problems

1. For each diagram below, determine the transformer ratio, h, and sketch an equivalent diagram
using dependent souces Ans. »= 2 -(AblAa).

massless
pulleys
Va I l _lvb
F, E

2. What turnsratio is needed to get maximum power to the load resistor? What is the value of
this maximum power? Ans: 4 = 0.2, 450W

Load
80 ™ .
120w m:1 % 200
60Hz
r—-

3. Find the velocity of a mass placed (gently) on the left side of the (massless) lever. Assume
angles are small. g =9.8. Ans: 1.633( e2t.e -8t) u(t)

m=1/80kg, b=1/8 Ns/m, k=4/5N/m

e 2m -[- 2m +
2
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4. The system is in equilibrium when, at t = 0, the switch is opened. Find the voltage across the
3Q resistor fort>0. (Ans: 18 (e3t-e ) u(D)
Ideal
St=0 Transformer

12v 200 e .
%IH 1:4 I'IE'F + 3(1%
I

5. Determine the transfer function, H(s), for the system below. The input is torque, Ta, applied to
shaft a, and the output is the angular velocity of rotor b. Shaft a turns against viscous rotational
bearing friction, ba. Wheel a may be considered massless, but wheel b has moment of inertia lb.
Whed b is attached to the reference frame through aflexible shaft of spring constant, k.

6. A constant torque motor drives a grinding wheel through a gearbox as shown. The motor
uces a constant output torque of 40 Nm. The shaft is subject to viseous bearing friction, b=
5 Nms. The motor drives a gear with 80 teeth which drives a second gear with 20 teeth. The
moment of inertia, [, of the gnnding wheel is 0.75 kg.
(2) Sketch a model of this system using ideal elements.
(b) If the system is at rest when the motor is switched on at t = 0, find the angular

velocity of the wheel, axt), for t > 0.

grinding
bearing wheel

cOTSTN! o e
moor
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Systems Chapter 15 Study Guide

Sinusoidal Steady State
A. Concepts Addressed By This Topic
1. Phasor representation of sinusoids.
2. Impedance, Z(jow), Admittance, Y(ja), Transfer Function, H{ja).
3. Effective value of a sinusoid.

4. Power calculations in steady-state AC electrical systems, including power factor, and
complex power

B. Introduction

When alinear system is driven by one or more sinusoidal forcing functions of constant
amplitude and frequency, the system is said to be operating in the "sinusoidal steady-state”. When
an electric system operatesin this mode, it is often referred to asan "AC" system (AC stands for
aternating current). The behavior of systemsin this state is so important in many fields of
engineering that special techniques have been devised to handle cal culations with these systems.

We have already seen that sinusoidal variables are best handled mathematically by the use
of complex phasor notation. If a sinusoidal across or through variable is applied to any of the three.
ideal element types we have studied, the forced response is also a sinusoid of the same frequency.
Therefore, using complex phasors, the ratio of across to through variables (voltage to current) for

any element or group of elements is a complex constant defined as the “Impedance”, Z(jw).
Because impedances combine like resistances in series or parallel, we can use impedance
combinations to simplify systems. The use of the impedance concept and complex phasor
mathematics permits the algebraic analysis of sinusoidal steady state systems.

Probably the most important application of the analysis methods of this topic is the field of
electric power distribution. In the United states, most electric power systems operate at 60 Hz.
Voltage and current in such systems are measured not according to their maximum values, but in
terms of a quantity related to power called “effective” or “rms” value. This is the value found on
the nameplate of electrical equipment. Since these across and through variables are sinusoids and
not necessarily in phase, power in AC systems is also tirme-varying. Average power is of more
importance in most AC systems than is instantaneous power. The average power dissipated per
cycle (P) is a measure of the power delivered to resistance in the system. Reactive power (Q) is the
average of power flow to and from L and C elements in the system (it is not dissipated). The two
are sometimes combined in a complex number,S = P +jQ, called complex power.

C. Instructional Objectives

A student who masters this material will

be able to
1. Use the concepts of Impedance and Admittance to solve AC steady state

systems.

2. Find the effective or rms value periodic

waveforms.
3. Calculate average, reactive, and complex power in a

system'

4. Use complex power to recommend power factor correction elements for
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E4 Systems
Chapter 15
Sinusoidal Steady State

We have seen that signals of the form est occur frequently in the solution of system equations.
Another time function which is very common to linear systems is the sinusoid. In systems of second
or higher order, sinusoids are often part of the natural response. The sinusoid is a'so a commonly
used forcing function (e.g. all ac electric devices). In addition, by a method called Fourier Analysis, it
is possible to express any periodic signal as the sum of sinusoids of different frequencies.

Because sinusoidal signals are so common, a special method has been devised to handle these
functions. Each sinusoid is represented by a complex number called a"phasor”. The algebraic
combination of sinusoids then becomes an exercise in the algebra of complex numbers. After aresult
isfound in phasor form, it must be converted back to a sinusoidal function of time.

1. Review of Complex Algebra

A complex number is simply a number pair. Unfortunately the names "real part” and
"imaginary part" have been adopted as the names of the two parts of the complex number.

The names do not mean that either part is more authentic than the other.

Since the complex number has two parts, the most convenient way to represent it
graphically isasapoint in a plane. We can use the horizontal (real) axis to indicate the first
number of the pair (the real part), and the vertical (imaginary) axisto indicate the second number
of the pair (the imaginary part). The figure shows how the complex number (5, 3) can be
depicted on the complex plane. (Here, italics are used to designate the imaginary part.)

Imaginarv

(5 )

o
Fle-eeen-u

real

t|====

Figure 1 Graphical Representation of a Complex Number

In order to define mathematical operations which involve both parts of complex numbers,
we need to express both parts in terms of one number type. To do this, we define an operator, |,
which has the ability to convert areal number to an imaginary number of the same magnitude. j
operating on real number, a, convertsit to imaginary number, a. That is,j a=a

imag
(5, 7)=(5,j3)=(5+]3)
<N S

to

E real

Figure 2 Use of Operator |
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So complex number (5, 3) can be expressed (5, |3). Graphically (Figure 2) we see that
thisisalsothesameas5 +j3. That is, 5 unitsin thereal direction plus 3 unitsin the
imaginary direction.

The effect of operator j isarotation of the number operated upon by 90° in the complex
plane. Figure 3 shows this effect of operator | , rotating the point at 4 on the real axisto the
point 4, or j4 on the imaginary axis.

imag

ja je..

§
\‘ real
4

Figure 3 j Operator Rotates Point 90°

Suppose we operate a second time with j:

imag
id
_IJ.,#P“"-‘-\—H_\_
e .
e"’.‘ “1..
£ .-1.___
|I -ii
% ﬁ' real
j(ja) = -4 4

Figure 4 j1 Equivalent to -1

Figure 4 indicates that j(j4) rotates the point rwice 9%0° to the negative real axis where it falls
on the value -4. So operating with j rwice (_'rz} is equivalent to multiplication by -1. Even powers
of j can therefore be converted to +1 or -1. Odd powers of j can be converted 1o +j or -j. Some
exaples: j*=1, i =-j, j!=-j.

Since use of the j operator permits both the real and imaginary of the complex number
to be expressed with real numbers, we may now apply all the usual of algebra to
combinations of ﬂi:ﬁ:f.ﬂs. (We will use bold face type to indicate a complex number.) Given
that complex number Z; = a + jb, and Z4 =c + jd, then
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Ly +Zy =a+c+j(b+d)

Zy-Zy =a-c+j(b-d)

Zy Zy =ac +jbe + jad +j2bd = (ac- bd) +j (bc + ad)
Z, a+jb

Ez c+jd

To separate real and imaginary parts of Z,/Z, , multiply by (c - jd)/(c - jd). Note that (c +
jd)(c - jd) = c2 + d2. This process is called rationalizing the denominator,

a+jb c-jd _ (ac + bd) + j(bc - ad)
c+jd c-jd -::=+d1

Polar Form o

. If we use a two-dimensional graph to plot complex numbers, it is possible to locate a given
point given its real and imaginary parts. A second way of locating the same point is by specifying
a distance from the origin (the magnitude M of the complex number), and a direction (the angle 8
measured from the positive real axis). A shorthand way of designating magnitude M and angle
angle 6 is MZ6.

imag
A : P=ALZ8B
A sing
B8 l
| real
Acoss

Figure 5 Complex Number in Polar Form

By geometry, we can derive the following relations using Figure 5 (absolute value
bars indicate magnitude of the complex number):

A=V a®+ b =IZI

E:tﬂn'l

o

1)
Inversely,

a=Acos8

b=Asin® 2
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Euler's Identity
A mathematical relation called Euler's Identity is used extensively in systems and
signal analysis. It enables the conversion of harmonic functions between exponential and

forms. Consider the complex number P = A28 of Figure 5:

P=Acosf + jAsin® (3)
% = Al-sin® + jcos8] = jA[cos0+jsin®] = jp
dP .
L T _]'dﬂ
P (4)
J 4 -fie
InP =j6 +K (3)

We can evaluate K by choosing any convenient angle for® (such as 0° or 909), If8 =0,
P=Acos0+jAsin0 = A Then Equation 5 says that

K=mhA (6)
S50, mMP=InA +j8
Taking antilogs,

P = Eﬂnﬁ+jﬂi = elnA ejﬂ = A8

(7)
Substituting from Equation 3,
P =Acos® + jAsin® = Ael® (or A2H) (8)
Equation 8 is known as Euler's Identity.
By changing signs on 8 and repeating the above development, we can show that
Acos® - jAsin® = Ael® @)
Addition and subtraction of Equations 8 and 9 yield other
0, -i0 i -
cos § = "]% sing = £ =€
2 (10)
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2. Phasor representation of sinusoids

—itol

Figure 6 General Sinusoid

A general expression for asinusoid in any phase position is

x(t) = Acosadt+ty = A cos (o +8p) (11)

where A is amplitude or peak valoe
T is the period (seconds per cycle, s°1)

o is radian frequency (radians per second, s™1)
Iy is ime shift (seconds)

By = iy is phase shift (degrees or radians).

Every complete cycle contains 27 radians. Therefore, the number of radians per second is
equal to 2x times the number of cycles per second:

0 =2xf (12)

where f, the number of cycles per second isthe reciprocal of the period, T, the number
of seconds per cycle f is called the cyclic frequency.

By Euler's Identity (Equations 8 and 10), we

i Jlcot+8) + - jlooe+8)

Acos (6t +8) = LA Lae
2 2 (13
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real

Figure 7 The terms of Equation 13

Figure 7 shows the two complex terms of equation 13 at a particular instant in ime. The
solid lines (phasors) representing the terms, rotate with angular velocities + wand - . If the two
are added at any point in time, the result is a real number, A cos(wt + 8), because the imaginary
parts always cancel The dotted lines represent the postion of the phasors at the instant t= 0,

Replacement of sinusoidal functions such as A ¢os (o + 8) by complex exponential
functions such as (A e J®)( O = A # (o +8) may not appear at this moment to be a

simplification, but you will find in the following examples that it will simplify calculations
involving multiple sinusoids of the same frequency.

Suppose we want to add a(t) + b(t), where a(t) = A cos (@t + 8,), b(t) =B cos (wt + 8g).

(Note that a and b are sinusoids of the same frequency, a necessary requirement for the method we
are deriving here.) Euler's Identiry allows the conversion of a(t) and b(t) to exponential form as
was done in Equation 13. So for each sinusocid, we get two rotating complex values of magnitude
AS2 and B/2, respectvely.

imag K
/!w

real

Figure 8 Phasor Components of a(t) and b(t) of Example 1
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Figure & shows these two sinusoids represented as phasor pairs, in the position they hold
att=0. This is the time usually chosen for a “snapshot™ nfpttc rnlftiln:? lines, I:Eﬁém:mbé that all
are actually rotating at angular velocities @ or -@. We need to add these four complex numbers to
get the result of a(t) + b(t). The addition can be simplified if we make use of the following facts:

1. Arall imes, the imaginary parts of each phasor pair cancel.

2. The real parts of each phasor pair are equal.

Therefore, if we add just the two ‘]milively rotating phasors after doubling their magnitude, and
throw away the imaginary part of the result of this addition, we will get the same result as would
be obtained by adding all four.

General procedure for algebraic combinations of sinusoid of the same frequencey:

1. Convert al sinusoidsto cosine form.
2. Write each sinusoid as a single phasor with magnitude equal to the peak value of the sinusoid

and angle equal to its phase angleat t = 0.
3. Perform the necessary algebra using the complex numbers of the phasor representation.

4. Convert the resulting phasor back to an ordiary cosine time function.

Example 1:
Find a(t) + b(t) if a =10 cos (@t + 20%) and b =5 cos (wt + 60°).

Solution: Represent these functions by two positively rotating phasors:
A =10cos20° +j105in 20° = 9.4 +j 3.42
B =5c0s 60° +j 5sin 600, = 2.5 +j4.33

A+B = 119+j7.75 = 14.2£33°

§
L]
[ ]
[ ]
[
[ ]
[
[
L]
L]
"
L)
]
]
i
i
L]
e, W
'\"“b‘I

\

real

p— Amplitade of resulting sinuseid ~———-l

Figure 9 Phasors of Example 1

So the result of the addition is a(t) + b(t) = 14.2 cos(ax + 339
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Example 2:
Given a(t) = 10 cos(et + 53.1%) and b(t) = 5 cos{wt - 307). Find a(t) - b(t)

Solution: Phasor representation of 10 cos{ot + 53.19) is
A=10£531%6+j8.
Phasor representation of 5 cos(oot - 307) is
B=5230"=433-j25
To get the difference, subtract reals and imaginaries

10£53.19 - 5230° =(6-433)+j(B+25)=167-j105= 10.6281°

So the solution is at) - b(t) = 10.6 cos{ax + §19).

- 3.£30°

Figure 10 Phasor Diagram of Example 2

Example 3: a(t)= 10coswt.  blt) = 20 sin (ax + 507 Find alt) + bit}.

Here, it isimportant to first convert the sine function to acosine. Thisis necessary because

y
the phasor method we have adopted defines the angle such that its cosine yields the real part of the
phasor and therefore the answer. The identity we need is:

sin ¢ = cos (o - 907,

This means that sin (et + 50%) can be replaced by cos (wt - 40%). The phasors are then A =

10£09, and B = 20.£-40°. Adding these in the manner illustrated above yields 28.4.2-279, which
i5 the phasor representation of the sum of a and b:

a(t) + bit) = 28.4 cos (o - 279),
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Figure 11 Phasor Diagram of Example 3

3. System Elementsin Sinusoidal Steady-State

If asinusoidal forcing function is applied to any of our basic system elements (A, T, D), a
sinusoidal forced response results. In Figure 12, we apply v(t) = Vm cos wt to each element, and
walit for steady state conditions. (Steady state means that all transient effects due to switching the
signal on, etc.,have died out.). When alinear circuit driven by sinusoidal voltage and/or current
sources reaches steady state, all voltages and currentsin all elements are sinusoidal and of the same
frequency.

Figure 12 Sinusoidal forcing function, v, applied to the three basic system elements

Application of v="V_ cos i to the defining equations of R, L, and C result in the
following solutions for steady-state flow:

Vo 1 dv

= = =

fr R Cos ot fL LI\"mmﬁﬁxdt fe C-:II
Vg - - ol Ve g
= Sin g = - @ i S0
=Eﬂllcm[m—90"j = = (0 Vi cos (ot + 907%)

(14)
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To simplify some of the notation and descriptions at this point, we will use the electrical
system variable names, voltage and current, to refer to the across and through variables of our
examples. Thisin no way restricts the methods presented here from application to any linear
system.

Figure 13 depicts plots of current and voltage waveforms associated with each of the three
electric circuit elements. Note that in the resistor, the voltage and current are in phase (pass through
their max and min values at the same time), while the other two elements cause either a+
or - 90° phase shift between voltage and current. In the inductor, the current has its maximum 90° the

voltage has its maximum. We say that the inductor current lags the inductor voltage by 90°. For

the capacitor, the current has its maximum 90° before the voltage. Therefore, we say that in the
capacitor, current leads the capacitor voltage by 90°.

N +
x EE(/ I /1 r L, 4 *'an
c

i

L]
ip N

c

A

Figure 13 Sinusoidal current and voltage time relationshipsin the basic electric el ements.
Left panel, resistor: no phase shift. Center panel, inductor. current lags voltage by 900
Right panel, capacitor. current leads voltage by 90°

The same results can be (more easily) obtained usil_lg phasor technigues. If sinusoidal
voltage v(t) is represented by a rotating phasor, V = Vm &, jts derivative with respect to time is
juse JO© Vi €% which is joV. also, if we integrate, Ym & with respect 1o time, the result is

L Vg eiot X
jo

= J©, Therefore, the phasor expressions for voltage and current in pure R, L, C
clements are:

V=Vall® = Vp+j0

= A = i 1
In R.{ﬂ'ﬂ R +j0

= =M A00F = e ] =l e M
Iy II":E’D 0-j

wl  jul
Ic = @CVy £290° =0+ jolVy =

(13)

Figure 14 illustrates the relative phasor positions of V, IR, IL, and IC.

Sinusoidal Signals XV 11 © T.W. Moore 1992



Im Im

Figure 14 Phasor current and voltage relationships for the basic circuit elements

Impedance and Admittance

Impedance in AC electric circuits is defined as the ratio of phasor voltage to phasor current. The
symbol Z is used to denote impedance. In general, the value of the impedance is a complex number, since
it istheratio of two complex phasors. The reciproca of impedance has the name admittance. The symbol
for complex admittanceis .

When the term impedance is used in system analysis, it usualy stands for the ratio of the
effort variable to the flow variable, with each expressed as a function of sor of jv. The designation "effort"
and "flow" is an alternate way of classifying the variables of a system. It was discussed in Section 10 of
Chapter 5. For all but mechanical systems, the effort variable is the across variable and the flow variable
isthe through variable. For mechanical systems, the corresponding designations are reversed'

Since we have just determined that these ratios are constants for each element, each
element's impedance is also a constant:

I Lance z___pha&nrmltag:

phasor current
- = - 1
Zr = R Zy = joL Zc e
Admittanes, ¥ = L = Phasorcurrent
L phasor voltage
Fn—ﬂ- Y, = Yc = juoC
(16)

IMPORTANT: Before applying loop or node methods or parallel/series combinations of
elements, always start every sinusoidal steady state problem by labeling each element with its
impedance (or admittance), using the forms given above.

Impedances can be combined as were resistances in DC circuits: series impedances add, and
parallel impedances can be combined using product-over-the-sum or reciprocal addition. The
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only differenceis that the numbers are now complex Note that when elements of different types are
connected together, the phase angle of the combined impedance may be any angle from -90° to

+ 90°. For parald circuits, admittance units may be more convenient to use, as were conductance
valuesin DC circuits.

Special names and symbols are given to the real and imaginary parts of the electric AC
impedance and admittance quantities:

Re(Z): Resistance, R Re(Y): Conductance, G
Im(Z): Reactance, X Im(Y): Susceptance, B
Z=R+jX Y=G+jB

Note that in general, R and G are not reciprocals, nor are X and B.

Example: Ata frequency of 60 Hz, determine the impedance of a series combination of a
10042 resistor and a 0.25H inductor. 'What current would this combination draw from a 60 Hz
voltage source with peak value 150 volts? (Circuit on the left, below.)

1004 1004
I.M I_M
% iy % n
150 cos (2 m&0t) 150.20"
= 0.25H = 754.25 {2

Solution: Redraw the circuit using impedances and phasor notation (right side, above).
The frequency of 60 Hzisw =2 f =21 60 = 377 1/s. Therefore Z; = joL = j(94.25)Q.

Since the elements are inseries, Z = Zg + Z; = 100 +j94.25 = 137.4£43.3°

o]
=Y o 1020 09 4330
The phasor current is Z 137.4 £43.3°
Im
vgﬁ > Re
150£0
1.092£-43°
) |
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A quick sketch confirms what we expect to see in an inductive circuit: the current lags the
voltage (by 43.3°). From the phasor current, we can write an expression for the actual current asa
function of timein the RL circuit:

iRL = 1.09 cos(377t - 43'3)

If numerical values are not given, algebraic expressions for the impedance of element
combinations can be determined using the same series/parallel combination techniques applied
previously.

Example:
Determine the impedance, Z, of each circuit between terminals a-b:

a
a
R
Z, Z, R =C
L b |
b

Solution: For the series combination of Z1, simply add element impedances. The result
may be converted to polar form

Zy=2Zp +Zp =R + joL = 1R + o?L2 m-l[:%]
For the parallel connection of Z2, use product over the sum:

R
Zpfc _ jwC

Lo = Zr + Zc o = T +iwCR
jwC
= R Lran {-w CR)

Y1 + afc?gr?
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4. Power in Sinusoidal Steady State

When the through or across variable applied to alinear system is sinusoidal, the instantaneous
power flow to the system will, in general, be time-varying. However, we are often more interested in
the average value of the power flow than in its instantaneous value. Systems for which thisistrue
include el ectric power distribution systems, power radiated or received by communication antennas,
power transmitted by ultrasound devices, etc. For example, the voltage supplied to your house by the
electric company varies sinusoidally at arate of 60 cycles per second. If this voltage is applied to, say,
alamp, the heat and light produced also vary periodically in amplitude (but at 120 cycles per second)’
To determine the amount of energy consumed (for example, to calculate the electric bill), the
instantaneous values of power during the 1/120 second is hot as important as the average power
consumed. A convenient time period for calculation of average power is one period of the wave since
everything repeats itself every cycle.

2. Power calculations in steady state sinusoidal electrical systems
The analysis in Part 1 of this Chapter assumed that the AC signal was applied to a pure
dissipative element (a resistor). In this case, the familiar forms for power, 2R and VZ/R could be
used as long as we first converted i(t) or v(t) to effective values. However, when AC signals are
%lmi to impedances, we must modify this approach. Consider the general case of Figure 3. An
voliage source drives a system which contains a combination of Rs, Ls, and Cs. In power
mmpumuuns we often refer to the system as the “load” on the power supply

ifty—=
+ ° Sysem
‘-'{t}@ contining
- " E, L, C
Figure 3

AC power delivered to a load

Aszsume the voltage source is Vi cos{wt). The current drawn by the load will in general
not be in phase with this voltage since the load is not a pure resistance. We will always use the

symbol © to designate the angle of the voltage minus the angle of the current. Note that this is the
angle of the impedance:

NV _ Vo _ By =
Z=1 = 178 - 1Z1£ (a-f) =12 £6

v(t) = V, cos(wt) i(t) = I, cos(wt - ©) (11)

The product of v(t) and i(t) is instantaneous power, plt).

p(t) = v(0) () = V., I_ cos(at) cos(at - ©). (12)

identity The cosine product on the right . side of equation 12 can be simplified by use of the trig
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cos(A) cos(B)=1/2 [cos(A+B) + cos(A-B)]

where we take wt as A and 6 as B. After substitution into Equation 12, the result for
instantaneous power is

VI
pt) = 5 [ cosRQwt + 6) + cos(8) ] (13)

A plot of p(t) isgivenin Figure 4. Note that the first term of Equation 13 isasinusoid
with frequency twice that of the voltage or current’ Thisis consistent with the sinusoidal waves of
Figures 1 and 2. Because it isa sinusoid, the first term of Equation 13 has an average value of
zero. The second term of Equation 13 is a constant. The average power, P, isthen

cos(6)

Vv
P = ave(p(t)) = m m cos(®) = V ¢ L g (14)

2

where the subscript eff stands for "effective value". Effective value is the square root of
the average value of the square of the function. For sinusoids, thisis the maximum value divided
by fT. All references to voltage or current found on AC equipment nameplates (e.g., 120V on a
light bulb or 6.0A on amotor) refer to effective value unless otherwise specified. In other words,
if your house's electric system is said to supply 120 volts AC, it really provides something like
170 cos(377t) volts In this sinusoidal steady state section of our course, any capital V or |
without a subscript will be understood to stand for effective value.

alk
............ o fur— aVerge value = == cosfl
frequencyis 2w
(W) S t

Figure 4
Instantaneous power, p(t) delivered to the system of Figure 3.

p(Y

J

Note that the power flow oscillates and power is actually returned by the load to the source
during portions of the cycle (negative regions). The average power to the load depends not only on
the effective values of voltage and current, but also on the cosine of the phase angle between them.
For example, if the load is a pure resistance, the phase angleis zero, the cosine is 1, and the average
power is P = Veff leff. On the other hand, if the load is a pure reactance (contains Ls
and/or Cs, but no Rs), the phase angle is £90°, the cosine is zero, and the average power flow is
zero. These cases areillustrated in Figure 5.
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p(t)  pure resistance:d = 0 p(t)
pure reactactnce; B = &90°
average value = 0

NAL
VLAY

Left: pure resistance load. Power oscillates, but flow is aways positive' P = Veff leff.
Right: pure reactance load Power flows to storage in the load, and then back to source. P = 0.

Power Factor

The cosine of the phase angle between voltage and current (the angle of the impedance)
is given the name "power factor”, abbreviated pf. A unity power factor means the load is a pure
resistance’ A zero power factor indicates a purely reactive load (contains only L and C). From
Equation 14, the average power in terms of power factor is:

P = leff VVeff(pf)

pf = cosB (15)

. Therefore power factor is a positive number between 0 and 1 which indicates how much of
the "apparent power", Veff ff leff, actualy is dissipated by the load. Power factor is sometimes
expressed as a percentage.

Example 3. Given v(t) = 150 cos{at + 109),

i(t) = 5 cos(ot - 509).
Find average power, P.

Solution: Current lags voltage by 107 - (-50%) = 60°, therefore pf = cos(607).
From Equation 14,

P= co% Eﬂﬂ = 187.5 watts

{1500(3)
2
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Example 4. When connected to a voltage source v(t) = 99 cos(6000t + 300), a certain load, made of
two ideal series elements, dissipates an average power of P = 940 watts. The power factor of the load
is known to be 0.707 with current leading the voltage. Find the two series elements.

Solution: Use Equations 14-15: P =V g Ly (pf)
V=2 =70
2 940 =T0 Iz (707) = Iy=19.0

Since the power factor is neither zero nor unity, one of these ideal elements must be a pure
resistance, and the other a pure reactance (L or C). The leading current tells us that thisisan R-C
combination. We are given that the phase position of the voltage phasor is 30°. The 707 leading

power factor (cosine of the angle between current and voltage) means that the angle of the current
phasor is at an additional 450 or ( 300 + 45°) = 75°.

I I
— 1 R
+ 45° v
Y
- }{': 3n*°
l xr

Since the two elements are in series, they both get the same current: leff = 19.0. Asthis
current flows through the resistance, it dissipates 940 watts (the average power flow to the capacitor
must be zero). So aresistor with an effective current of 19 amps is dissipating 940 watts:

P=WR 9-4{]-1'923'. =% R = 2.60

The value of C can be determined in two ways: we can use the phase angle informarion or
the impedance magnitude informadon. The impedance of the series combination is

|
= 1 ; S| . . 2 1.2
Z R+-jn}C . The phase angle of Z is tan |:T] Magnimde is _ /R +|[r—-:j|

We kmow the power factor is .707 which is the cosine of the impedance angle, 8.

Therefore this angle 15 £43°. Its sign must be negative because current leads voltage. Therefore C
can be found from setting -1/(@wCR) = -0.707 and solving for C (w = 6000).

A second approach is to use the fact that magnitude of Z is equal to magnitude of V divided
by magnirede of I:

By either method, C = 64.1 pF.

Sinusoidal Signals XV 18 © T.W. Moore 1992



Average Power to Impedance or Admittance
We have found the following general formulafor average power to any

P= chf Icff cos 6. (16)

Freguently, we are given only V or | along with the load impedance, Z or admittance, Y.
In these cases, the following formulas can be used to determine average power’
Multiply and divide the right side of Equation 16 by leff:

\Y%
P= |:I°ﬁj| szf cosf
eff ©

Theratio of Veff to 1eff is 1Z1, the magnitude of the impedance. But the magnitude of a
complex number times the cosine of its angle isthe real part of the number. Therefore,

2
P=1 off Re(Z) (17)

A similar operation can lead to aformulafor average power in terms of veff. Multiply and
divide the right side of Equation 16 by veff.

I
eff 2
P= |:_v:ﬂ=:l v:ff cosB

Theratio of 1eff to veff is 1Y, the magnitude of the admittance. Again, the
magnitude of a
complex number times the cosine of its angle isthe real part of the number (although the angle

2
P= "r’tﬁ Re(Y) (18)

When calculating average Rower in AC systemsit is very important always to start
with one of these three Equations (16. 17. 18).
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Find the average power, P, delivered to the circuit below by the current source. The
current source value is

i(t) = 5 cos(105t + 539)
The circuit elements are: R=5Q, C=4 yF.

i(t) R CJr

. Solution: Since current is given, we prepare to use Equation 17.

Y=G+joC= % +i(10°)(4x10%=02+j0.4

3. Complex Power

An alternate way of computing power flow in steady state AC systems is to work with
quantities which have the dimension yolt-amperes instead of voltage and current separately.
Consider the voltage and current phasors shown on the left panel of Figure 6. (All magnitudes on
this diagram are assumed to be effective values.) The current lags the voltage by 6 degrees. (Note
that this means that 6, the angle of the impedance, is positive.) The current phasor can be

separated into two components, one in phase with the voltage, and one 90° out of phase, as
shown.

Q=j¥lsin B, VARS _
T=VI*=P +jQ
volt-amperes

1 P=¥Icos §, wars

Figure 6 _ _
Left: Voltage-Current phasors.Right: Power Triangle

If we multiply each of the current phasors of the lefi panel by the magnimde of the effective

voltage, and draw 8 as a positve angle,we get the diagram on the right. The complex number §,
and its components P and Q, each have the dimension volt-amperes. However, we give special
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names to each of these dimensions. The VI cost component is recognized as average power to the
load, P, and its unit is therefore the watt. The jV1 sinB component represents the average power
flow to or from the reactive part of the load during each quarter cycle. (This flow reverses during
alternate quarter cycles.) Itis represented by the letter Q and its unit is vult-al:npc{es reactive, or
VARS. The resultant, S, called “complex power™, is a complex number of magniude VL. (The
name “apparent power” is sometimes used for the VI prodoct.) Its angle, 8, is the angle of the
impedance. § =P+jQ

By definition, power, P, must be measured on the real axis, and () must be measured on
the imaginary axis. Since the phasors ¥V and I may be at any angular position, 8 is not simply the
complex product of the V and I phasors. (For example, if ¥V and I are in phase, both at 207, the
VI product will add the angles to give 40° instead of zero.) Assume V is V.2, and I is L.

The angle of the lmpedancc is then 8 = (a—=f). This angle is obtained if we muldply the voltage
phasor by the mmplr.x conjugate of the current phasor.
Some important relatons:

S=VI*=PZ=P+jQ

P = VIcos 8 =I12Re(Z) = V2 Re(Y), watts
Q=VIsin6=12Im(Z) = -V2 Im(¥), VARS

(0 is angle of Z, the negative of the angle of Y)
(19)

Power Factor Correction

The usual electric power system has multiple loads connected across the same voltage.
For example, an industrial plant may have lighting loads, machinery loads, heating system loads,
etc., al connected across the same line voltage' Resistive loads such as lighting or heating,
generally draw close to unity power factor current. Transformers and heavy machinery generaly
draw alagging current.

- R

-E_}H;EE[Pr I ffft .............. .
; *  Transmission Line ' : L
: : : oo i
s ctrie - :
E E :' II.::]‘:.U | Heat |Mu.|:h.1.1.1.=:}f| : Vﬂ?ﬂ.
L] L] [] 1
L] L [ i
i ¥ 1 1 J

Figure 7

The electric company charges only for energy consumed, which means the integral of P dt.
We know that P = Vgl,jrcosf, and that (Iycos8) is the component of the total effective current

which 15 in phase with the voltage. What about I g sin8, the 90° out-of-phase component of
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exchange taking place between the source and the reactive components of the various loads.
Theoretivcally, no power is consumed by this action and therefore no fuel needs to be burned by the
electric company to turn the generator to produce the 90° out-of-phase component of current.
Practically, however, thisis not the case. The transmission lines carrying current from the

generator to the load must carry & U the current, not just the in-phase component. Until someone
invents aresistancel ess transmission line, 12R losses will occur in transmission wires and will be a
function of the total current.

Sincel = VYL =V(GL+BL), areduction in BD the susceptive part of the load admittance,
will reduce the transmission line current magnitude, I, without affecting the average power to the
load (V2GL). To avoid excessive transmission line losses, power companies usually require
industrial loads to maintain a power factor greater than some specified value, e.g. 80%.

Example &
Two pieces of heavy machinery are connected across a 120 volt, 60 Hz line. Their

impedances are Z, = 4 £30%and Z, = 5.260°.

{a) Determine the average power to the load and the total line current.

S (b) Reduce the line current by adding an appropriate paralle]l element.
oluton:

I Ll M, 2 -4saf=3454+72
120£0° z, || 2,

Z, =5260°= 2.5 +4.33

1, = 4200 _30,.30°=26-j15  I,=12040°
4430° 5.260°

24260 = 12 - j20.8

I=I;+1,=38-j358=522,-433° Total line current is 522 amps.
Total volt amperes is (1200(52.2) = 6264.

pf = cos (43.39) =0 7277
38 _:i_’
L
F S EI-EEEJ_"'qajﬂ
JISBpememmmnnns : :

Power: Py = (120)(30)cos(30°) =3118 wans.  (Also, IPRe(Z) = (30%)(3.464) = 3118)
Poa = (120){24)cos({60°) =1440 wans.  (Also, Re(Z) = (247)(2.5) = 1440)
Total Power = P| + P5 = 3118 + 1440 = 4558 waus.

Check: V1 pf = (1200(52.2){(0.7277) = 4559 watts.
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Since the combined load draws a lagging current, add a capacitor in parallel with
these loads across the line:

B
1202 0° 2, 2, C =

I

The capacitor should be such that it draws an additional 900 leading current which cancels the
35'8 amp 900 lagging current drawn by the parallel combination of Z1 and Z2' The addition of the
paralel canacitor does not affect the currentsin Z, or Z.,. The impedance of the capacitor. Z,.

= 1/jwC must equal the voltage to I ratio:

o=2rxf = 2x (60) = 377

120.£0° 1
= 120£0° _ 335,.900 = - or C=791
¢ = 35.8.290° HeiXe WF
|
+35.841_

CECA-L CLCETTERTRE. | PLg

Mote that by adding an addidonal ]iﬂ.‘l‘ﬂnﬂl elemeant, we have reduced the total line current
from the previous 52.2 amp (II; + I,) to 38 amp (I + I + I~). However, both Z; and Z, sdll
receive the same current and power as before. To get an idea of the possible reduction of losses
this provides, assume the ransmission line has a total equivalent resistance of (.18, The original
system drew a total current of 52.2 amp, 5o the line loss was IR = 272.5 watts. With the addition
of the capacitor, the total line current is 38 amp, and the loss is reduced to 144.4 wans. Thus the
addition of the paralle] capacitor has achieved a 47% reduction in line power losses.
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This example could also have been done using the concept of complex power. The values

of P and QQ drawn by the original two loads can be found using Equation 19:

P=VIcos @
Py = (120)(30){cos30°) = 3118 wats,

Ps = (120)(24){cost0%) = 1440 wans,
Totals: 4558 watts

Q=VIsin®
Q, = (120)(30)(sin30°) = 1800 VARS

Q; = (120)(24)(sin60%) = 2404 VARS
4294 VARS

To reduce the reactive power 10 zero, we need to draw an additonal -42%4 VARS. For
negatve () (negative impedance phase angle), we need a capacitor. Using Equation 19,
-4204=Qp = -yl Im(Yq) = -(1202)(377C), from which C = 791uF.

Before cormetion
E264 voli-amperes

E

Z) ()

4558 watts

[ 4558 total volt ampers
uter sormetion with sapasitor )

A

Sinusoidal signals

CE N
SLLE walts HIIEIVIR!

XV 24

+ 2434 VARE (2] +42%4 VARE

]ﬂni_ﬂill

+1800 VARE (Z,) e~

4294 VARS (eapaitor)

© T.W. Moore 1992
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Chapter 15 Problems

1. At the node shown, currents are:
i; = 13 cos(10t - 67.38%)

is = 5 cos(10t + 36.87%)

i3 =9 cos 10t
in the directions indicated.
13
1 1
14
Find i,4(t).

2. Three of the currents flowing into the node (shown below) are:
Il =-10 cos 2t

I, = 10 cos (2t + 30°)
13-5:1:-5[11-1351“]

(a) Express each as a complex phasor.
(b) Express I; in the form A cos (ut + @),

(give values for A, @, and &)

3. Given ij =13 cos(10t - 67.38°), iy = 5 cos(10t + 36.87°), and i3 =9 cos 10t.
Findij +ip + i3
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4. The load below is driven by a steady state sinusoidal current source of frequency @ = 5000

radfsec R=138), L =26 mH, and C = 7.69 uF
{a) Find the complex i ce looking into terminals a-b.
(b) Find a parallel E&m’m circuit equivalent to this one at this frequency between
terminals a-b (sketch the equivalent circuit and specify the element values).
(c) If the peak current from the source is 1 amp, find the average power dissipaton of

this system.

5. For the circuit below, the sourceis v1(t) = 20 cos(5t + 20°). Find v2(t)' Show both V 1 and
V2 on aphasor diagram.

S
2H
* 2062

: 0.01F]

n.-l 'qfﬁ

6. For the circuit shown below, R =302, L =30 mH, C = 2500 pF:

(@) Find the current, i(t). (answer: i = 10 cos(200t-53%)
(b) Find the phasor voltage across each element (R, L, C), and sketch each on a phasor diagram.

(c) Express each voltage found in (b) as a function of time.

W-
R
50 coa(2007) é L

7. (a) Find the input resistance Rin = (Re(Z)) and input reactance Xin = (Im(Z)) for the system

shown.
(b) Find the input conductance Gin = (Re(Y)) and input susceptance Bin = (Im(Y)) for the same

system.
(c) What additional parallel element (type and value) will make the system look like a pure resistance

at the input terminals??

L]
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8. For the circuit below, the sourceis v1(t) = 20 cos(5t + 20°). Find v2(t). Show both voltages
on a phasor diagram.

9. Y ou want to annoy some people in a parked car (its mass and suspension system can be
represented by the model shown below), so you start pushing up and down (sinusoidally) on its
bumper. The mass of the car is 1800 kg. Because of a broken shock absorber, b is negligible. The
car's spring suspension system has k = 71000 n/m. = At what frequency (in pushes per second)
should you push so that the occupants experience the greatest annoyance?

10. A 220 volt induction motor delivers a2 HP output and operates at 85% efficiency. Power
factor is 0.8, lagging.

(a) Determine the line current. (Ans. 9.95L-36.9°)

(b) What capacitor added across the line (in parallel with the motor) will correct the power
factor to unity? (Ans. 72uF).
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Systems Chapter 16 Study Guide

Periodic Functions and Fourier Series

A. Concepts Addressed By This Chapter

1. Periodic Function

2. Average and Effective Vaues

3. Fourier Series
Trigonometric Form
Exponential Form

4. Applications to System Solutions.

B. Introduction

The steady-state solution of system behavior is often required when the forcing functions (and

therefore the forced response terms) are periodic. That is, waveforms which repeat at regular intervals.
In many cases, the actual waveform is not as important as is the power or enegy it
delivers over aperiod of time. Since power isafunction of v2 or f2, it isnot constant for periodic waves.
However, the average value of power during each cycle of a periodic wave is a more useful quantity, and
isaconstant. The effective value of the across or through variable can be used to determine this average
power.

One periodic waveform we already know how to handle is the sinusoid. We have studied
techniques for determining the response of alinear system to constant or sinusoidal forcing functions.
However, if x(t) is periodic but not sinusoidal, the response to this input may be difficult to find directly.
The Fourier series allows x(t) to be approximated by a (finite) number of sinusoidal terms of different
frequencies. The response of a system to each of these terms may be found separately using sinusoidal
analysis. Then, by superposition, these responses can be added to approximate the system response to a
general periodic x(t).

C. Instructional Objectives
A student mastering this material will be able
to
1. Determine the period and frequency of periodic waves.
2. Find average and effective values of periodic waves.
3. Given agraph or an expression for a periodic wave, determine the coefficients of the
trigonometric or exponential Fourier series approximation for the wave.
4. Sketch magnitude and phase spectrum plots of Fourier
series terns.
D. Study Procedure
Read Chapter 16 Additional material can be found in references 1 and 13'
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Chapter 16
Periodic Functions and Fourier Series

1. Periodic functions:

A periodic function is one which exactly repeatsitself every T units along the
axis. Mathematically, this can be expressed

x(0) =x(t+T) (1)

wheretistimeand T isthe period of the wave. Examples of some periodic functions
aregivenin Figure 1. For each case the period is designated by T.

| [N

Figurel
Periodic waves. Period =T

It may seem from Figure 1 that periodicity is easy to observe and that the value of the period,
T, can readily be obtained from the graph of the function, or from its mathematical expresion. Thisis
not always the case for combinations of periodic waves. Consider the sum of any two periodic waves
with periods T1 and T2. We observe the two waves (waves 1 and 2) and
their sum (wave 3) at agiven starting point on the time axis, and move along the time axisto find a
point where all the same values repeat. Suppose T1 =2 and T1 = 4. Then, wave 1 beginsto
repeat after 2s, but wave 2 is only halfway through its period at that time. After 4s, wave 1 again
begins to repeat, and now so does wave 2. Therefore, the period of wave 3is T2. What if t1 =2 and
T2 =3? Now 6s are required before both waves are back at their original values together. So in this
case T3 = 6s. A rule we can establish from thisis that the period of the sum of several
periodic waves is the lowest common multiple of the individual wave periods What if one wave has
period = t7 and the other has period 4? Then their sum is not periodic because the two never return
to their starting value together.

1.1 Power Associated with a periodic function .
Suppose any of the waves of Figure 1 is a current flowing in a 10 resistor. The average
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values of these waves (average value can be found by dividing the area under the curve over one cycle
by T) are A/2, 0, C/3, and O, respectively. However, average power cannot be determined from the
average value of the current.

Power to the resistor isi2R or v2/R, so power flow vs. time in each case will also be
periodic (but not necessarily the same period as the current or voltage). Figure 2 shows each of
the waves of Figure 1 after squaring values at each point in time. If the waves of Figure 1 are
currents, then the waves of Figure 2 have dimension current squared and represent the power
those currents would dissipate in a W resistor. Note the differences in shape and period which
often appear when we compare a plot of either the across or through variable and a plot of power
flow in sinusoidal steady state systems.

L

I —
2
Figure 2
Power each of the currents of Figure 1 would produce in a 1£] resistor.

The plots of Figure 2 provide values of instantaneous power, p(t). In many cases, (e.g.
electric appliance, light bulb, motor) average power flow is of greater interest. To calculate
average power, P, we need to find the average values of waves such asgivenin Figure 2. That is,

| 4l
v 2
P= average power = ave [p(t)] = ave I_ Rj‘ = :ﬁ-m v

[ o 1
2
— | |
or P=ave leRJ =Rave[i ] 2

So, to calculate average power delivered to a D-type element under steady-state
sinusoidal conditions, we need to find the average value of the square , of either the across or
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associated with the D-type element.

1.2 Effective Value

We would like to preserve the p =R and p = v2/R relations we have developed for
instantaneous power dissipation. If i and v are periodic, average power is given by Equation 2.
Therefore, define I g or Vg (the “effective” value of i or v), as

I,=+ave[l] | V=1 ave v

(3)
Then the formula for average power dissipation in a D-type element, R, ina
sinusoidal steady state systemis:
2 V:ff
P=1_R or p=-
eff R 4

From Equation 3, we see that the effective value is the square root of the mean (average) value
of the squared function. For this reason, the letters rms (root-mean-squared) are sometimes used in
place of ff. To find the effective value of agiven periodic wave, it is necessary to square the
function of time, find the average value of the squared function over one period, then take the square
root of the result. Sometimes this can be done geometrically. For example, consider wave C of Figure
1. For numerical computation, assume the amplitude, C = 4. Squaring the function gives wave C of
Figure 2. The average value of thiswave is the area under one cycle, divided by TC. The areais 16 so
the average value of the squared curve is 16/3 or 5.333. The effective value
isthe square root of this or 2.31. Therefore, if wave C of Figure 1 isacurrent supplied to a 291
resistor, the average power dissipation in the resistor would be P = 4.62 watts.

When waveforms are not easily handled by geometry, Equation 5 can be used to calculate
effective value. Theintegral can be taken over any full period, T.

%J-izdt
T

Q)

The primary subject of this unit is the analysis of systems driven by sinuscidal waves.
Therefore, we will now determine the effective value of a sinusoid using Equation 5. Since
effective value is independent of the phase position of the wave, we will choose a pure cosine

function, v(t) = Vm cos(®t) as our time function. The period of this wave is T where T =
2=/, Then, from Equation 5,

T

2 - _m 2
‘."Ef[ =T jcas ax dt
0

(6)
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To integrate cos?, use the identity cos*mt = (1/2) + (1/2) cos 2et. Afier integration and
substitution of limits, the first term yields T/2. The second term integrates to zero since the area o
a cosine function over any number of full periods is zero. Therefore,

2 Va1 Ya

2 o)
The effective value of a sinuscid is its peak value divided by V2.

Example 2 Find the average power dissipated in a 52 resistor for the periodic current waveform
given below:

i(t)
0 0.4 0.8 vinps
0 1 2

This wave repeats every 0.4us (T=0.4x10%),which is a somewhat inconvenient time scale.
For example, to square and then integrate i(t), we need a mathematical expression for i(t) over one

period. In this cas-: i(t) = 15::106;, s0 i will be 6.25x1012t. A slmphﬁcannn can be achieved if
the purpose of dﬂﬂl‘l‘mmﬂg mr:mg: ﬂlul:s,w:cm -:hm.'a.: an;.r ::Dnvml:m n:ail: for the time axis.
The most convenient is the 0, 1, 2 scale printed under the original scale. The function during the
first period is now i(t) = 100

According to Equation 5, we must square this function. The result is given below:

2= 100 12

L B

< 4

0 1 2

The squared function over the first period is 1002, The integral of this evaluated from 0 u
1is 100/3. Therefore, the effective value is 10/¥3. The average power this current dissipates in a

5£) resistor 1s [Iﬂ}i R or 166.67 watts.

Note: Parabolic shapes like the one above will result whenever aramp current or voltage

Periodic Functions & Fourier Series XVI 5 © T.W. Moore 1992



function appears. The area under such a parabolais (1/3) bh where b is the base of the
parabola and h isthe height. Therefore, it should not be necessary to actually carry out the
integration in most cases of ramp-type waveforms. See Example 2, below.

Example 2. Find the effective value of the triangular wave i(t) shown below.

Solution: Separate one cycle of the wave into its separate ramp segments (t=0 to 2 and t--2 to
3). Squaring each ramp results in parabolic shapes of peak value 36. The effective value of i(t)
isthe sguare root of the sum of the areas under these parabolic segments divided by T'

1(t)

E -

N

(T, ] EEEpp——

1] 2 3

- \/ —— 2 \/ 12)36) + —{1)(35; .

where the area under each parabola was calculated using 1/3 its base times its height.

1.3 Effective value of a sum of sinusoids of different frequencies

Superposition does not apply for power since power is not alinear function of the across or
through variable. Moreover, when periodic waves are added, the result may not even be periodic.
(Thesum is periodic if ratio of the periods of the added wavesis arational fraction which means a
fraction in which numerator and denominator are both integers). We therefore should not expect the
effective value of a sum of periodic functionsto be equal to the sum of the individual effective
values. In general, the waves must first be added and then Equation 5 may be applied to the sum. A
very common specia case is the sum of sinusoids of different frequencies. Consider a series of

sinusoids in which all frequencies are integer multiples of a given frequency, ;. ®; may be called

the fundamental frequency and its multiples called Agrmonics. Such a series has the name Fourier
series and will be the subject of a later study. The series is expressed by Equation 8. Itis periodic
with a period equal to that of the slowest component, term 1 (the fundamental). The period of this

L& is 2m/eoy which we will call Ty,

i(t) =1y, cos(ogt+dy) + Iop cos(2oyt+a) +  Igp, cos(3a t+dy) + « « - (8)

To find the effective value of this current, we must square i(t), then integrate it over one
cycle. When we square the right side of Equation 8, we get the square of each term, plus 2 times the
product of each pair of terms. The product terns will integrate to zero because of an identity givenin
Equation 9 (you may want to verify this). It states that zero results when we integrate two sinusoids
of different frequencies (m and n are integers) over a complete period (T may be set to 2n).
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I cos{mx) cos(nx) dx =0
T ©

Therefore, squaring the right side of Equation 8 and integrating over a period produces the
integral of the sum of the squares of the individual terms of Equation 8. But we have aready seen
(Equation 6) that these integrals are simply the square of the effective value of each sinusoid.in the series.
Therefore, for the case of a Fourier series given by Equation 8, the effective value of the seriesisthe
sguare root of the sum of the squares of the individual components. Thisis expressed in Equation (10).

7 2 2
Le =V kent et lem * - (10)

Because any periodic wave can be represented by a Fourier series, Equation 10 can also
be applied in cases of non-sinusoidal summations.

le

The waveform below is a voltage applied to a 2{1 resistor. What average power will be
dissipated?

The wave is v(t) = 3 + 2 cos(axt). The effective values of the terms are 3 and 22,
respectively. Therefore, using Equation 10, the effective value of the sum s V9 +2) =3.32.
The power this voltage would dissipate in a 2Q resistor is 5.5 watts.

x(t) is a periodic function of t if x(t) = x(t + T), where T, a constant, is the period . That
is, the wave repeats itself every T seconds along the time axis. You are already familiar with
several periodic waves such as sinusoids, square waves, triangular waves, etc.

2. Fourier Series

Most periodic functions can be closely approximated by a finite number of terms from a series
known as a Fourier series. The Fourier series contains a constant term equal to the average value of the
given wave, and and a number (possibly an infinite number) of sinusoidal or exponential periodic
terms.

2.1 Trigonometric Fourier series
x(t) = ag +a) cos Wt + 8y €05 20yt + 35 005 Iuyt + ...
+by sin Wt + by sin 20t + by sin Jogt+ ...
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or, xt)=ag + Z ap COS Njt + E by, sin neogt
n=1 n=1 (11)

The a’s and b’s are constants. The lowest frequency periodic term (n = 1) is called the
fundamental component and 0y is the fundamental frequency. Other periodic terms have
frequencies which are integral multiples of the fundamental frequency, called harmonics. The
relationship between T and @ is

T = z—ﬁ- - -l-
w f (12)

Suppose we have a periodic signal x(t) in the form of a graph or a mathematical expressior
and we wish to approximate it by a sinusoidal Fourier series. We can easily determine @ from th
period of the given wave, @) = 2r/T. What remains is to determine the proper a and b coefficient

of the series of Equation 11. The formulas below (Equations 13a and 13b) permit evaluation of th
coefficients from the given x(t). You may want to verify these formulas by hand or using Maple.

The process is: To find any coefficient, say ay, multiply both sides of Equation 11 by cos 2,
then integrate all terms over one full (fundamental) period. After multplication, the terms on the
right will consist of a cos®(2ot) term, terms of the form (cos mex){cos nax) where msn, and term:
of the form (sin mat)(cos net). The integral over a full period of all but the cos*(2at) term will gc
to zero. The integral of a, cos?(2wt) over the range T is a;n. On the left we have the integral of
x(t) cos 2oot, allowing as to be evaluated. Similar steps for the other harmonics result in the
following formulas for the a; and b, coefficients:

=1
ay = Lx(t} dt

ay = ZI x(t) cos(nw,t) dt
T T

b, = & j x(t) sin(not) dt
T T

(134)

The T under the integral signsin Equations 13a means the integral covers one full period of
X(t). It does not matter whether thisintegral isfromOto T, or -T/2 to + T/2, or any other range, as
long asit is over one complete period. Note that the a0 term is simply the average value of the
periodic wave, that is, the area under the wave for one period, divided by the time for one period.
Frequently it is easier to obtain the average value by inspection and possibly some geometry, than by
application of the Equation 13aformula. For example, the average values of the four waves of
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Figure 1 can be seen by inspection to be A/2, 0, C/3, and 0, respectively.
A second form for the formulas of Equations 13a can be obtained by changing the time axis

to the © = @, t axis. This is often helpful when the numerical values of the time variable are

inconvenient. By using d6 = ®; dt, and ;T =2x, we can convert Equations 13a to Equations
13b:

a = %J x(0) do
i

a, = % f x(0) cos(n@) do
2n

by = % I x(8) sin(nB) de
x

Example:
Find the trigonometric Fourier series to approximate the 1 MHz square wave given

-1 A

t, LLsec

'y _

We see that T = 1 usec, and therefore @) = 6.283x106. We could use Equations 13a to

find the a; and b; values, but this would result in values such as 106 and 6.283x106 being

distributed throughout the calculations, including the integration limits. A better aproach is to
convert the t axis to the o, t axis:

1 A

w,t
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Now the integral for an from Equations 13b is

s 4 T =
a, = %J x(8) cos(nB) d@ = %f cos(nf) do - % J cos(n®) de
0 0

The integral was was separated into two parts because the x(8) function has two different
values over the cycle, +A and -A. These integrals are simple enough to solve but in most cases,
Maple provides an easier approach to integral evaluation. The Maple expression for the above

integrals is:
(A/Pi)*(int(cos(n*x),x=0..Pi)-int(cos(n*x),x=Pi..2*P1)); (here x was used instead of 0)

Using paper and pencil approach:
an = -Asinnd I" - Asinng |21t =0
nxn 0 nw n

So all a coefficients (all cosine terms) are zero.

For bn, relace cos by sin in the above expressions:

T 2
by =4 j sin(n6) d@ - & f sin(n0) d8 = - A cosn || + A cos n Izn
n A T A nx 0 nxm T
0, neven
The result is: by, =
4—A-, n odd
nx

So the series representation of the square waveis:

= 24 |5 L g L
x(1) = [snnm|t+35m3m1l+551njm1l+ ]

Note that @, = 27 < 10° for the given data, but there is no need to insert this value during

the calculation of the coefficients. This series contains an infinite number of terms. The more
terms we add together, the more the sum looks like the square wave. How many terms must we
calculate? It depends on how much error is tolerable. A rule of thumb might be to include terms
until the amplitude is less than some percentage (10%, 1%) of the fundamental.

2.2 Exponential Fourier series
By Euler’s identity, each sine or cosine term of the mgonometric series of Equation 11, can
be written as the sum of two exponential functions. That is, using

EJI'IEII[I 4 E-]TI.T.U]_[ and
2

gintyt _ a- oot
2j

cos§ ninjt = gin noogt =

r
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each cosine term in Equation 11 converts to two exponential terms as does each sine term. Each
pair of exponentials has one term with a +jnex exponent, and one with a -jnot. If we collect these
exponential terms in order of increasing n exponent, and assign new coefficients, the result is
Equation 14.

X(0) = -+ X, a2t L X el X, + Xpeloit 4 X;eflent 4 ...

B
or, x(t) = ¥ X,edon

(14)

where the X coefficients may be complex numbers. (Note that because of their origins
with the trig series and the Euler identity, each Xn and X-n pair must be complex conjugates.)

Theformulafor each X nintermsof anand bniis:

Xa = H’E_zlb_" = "ﬁi_hiz['m”%] (15)

Again, the period and fundamental frequency are related by Equation 12. The
constant terms of Equations 11 and 14 represent the average or "DC" value of the periodic

function. It should be clear that X0 = a0.

To get aformulafor X n, substitute into Equation 15 from Equations 13a or 13b. The
result can be expressed in either of the two forms given as Equations 16:

%— :vr.[t]n.':'j"'?lt dt

T

L -jn 8
o x(8) e b dp

[
=
i

([

(16)

where again, 8 = ot and @ T=2=x

Again using the square wave of the previous example, calcul ate the expnential
Fourier series approximation:
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A -

Again, we change the time axis to the ot = 8 axis. To obtain the Xn coefficients, use the
second form of Equation 16 with the limits of integration -7 to +1:

T T
= L -inb g5 = L . -jn @ 1 -in 8
X, hf x(8) en® 48 P (-Aje-n dﬂ+hf (A)e de
%

=1

Each integral yields two terms:
= B_|] .eghhn _ a-nx
Xn hjnil e - + l]

The quantity in the brackets is worth 4 for n odd, and zero for n even. Therefore,
the Fourier series representation of x(t) is

X(© = -+ D edsort + B oy +%=-iw1t A gt . -Egﬁ‘“l[ +.

Note that by combining fundamental terms, third harmonic terms, etc., this series can be
transformed into the trigonometric series previously determined for the square wave.

2.3 Spectrum Plot
To show the amplitude or phase angle of each term of the Fourier series graphically, the X n
values (magnitude and phase) or the magnitude and phase of the trigonometric coefficients are

sometimes plotted vs @ or vs. harmonic number, n. For example, the spectrum plot of the square
wave just solved is given below, using magnitude and phase of the X | coefficients.

X, | LX,
24 &
T -ﬂ:ﬁu I ] I I 1t 3 5 7 .
"'r'l'[ T'Fm#-" a ?54;1111
7 5 3 -1|1 3 §5 7
Magnitude Angle
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The same kind of plot can be done using the mgonometric coefficients. In this case, only
positive values of frequency apply. The magnimude of each term is V(a2 + b, 2). The phase angle

is -tan-! (b /a ).

2.4 Symmetry Consider ations

The determination of the Fourier coefficients can sometimes be simplified by the observation

of certain rules which result from the symmetry of the waveform. There are two important symmetry
considerations if the trigonometric seriesis being developed: odd-even symmetry and half wave
symmetry.

Odd-Even symmetry:

Even function: A function is even if x(t) = x(-t). An even function can be folded
on itself about thet = 0 axis. A coswt is an even periodic function'

Odd function: A function isodd if x(t) = - x(-t). An odd function looks exactly the
same if its graph isrotated 180°. A sin cot is an odd periodic function.

Figure 3 illustrates some odd and even periodic functions. The functions on the top row are even
and those on the botom row are odd. Note that an odd function must have an average value of zero. You
should be able to recognize these specia properties from the graph of afunction. Most periodic functions
are neither even or odd. However, any periodic function can be expressed as the sum of two other periodic

functions, one odd and one even.
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Figure 3 Even (top row) and odd (bottom row) periodic functions.

The reason for our interest in the even or odd qualities of a periodic function is that by recognizing
these properties we can simplify the trigonometric Fourier series determination. If an even function is written
as atrigonometric Fourier series, all terms of the series must be even (cosine terms only), since the
introduction of even one sine term would cause unequal values to be added at pointst and -t, destroying the
eveness of the sum' Similarly, if an odd function is expressed as a Fourier series, the series must contain only
odd terms (sine terms only), because the introduction of a cosine term would add equal values at timest and
-t, destroying the odd property of the sum. Therefore, we can state the following rules for the determination of
the aand b coefficients of atrigonometric Fourier series:

The Fourier series expansion of an even function contains no sine terms (bn = 0).
The Fourier series expansion of an odd function contains only sine terms (an = 0).
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Returning to our previous square wave example, we see that since that wave was odd,
we could have expected al the an terns to be zero.

Half-wave Symmetry
A periodic wave has half-wave symmetry if x(t) _=- x(t + T/2). Each half cycle of thewaveis
repeated in the next half cycle with reversed sign. Sine and cosine waves are examples of waves with
half-wave symmetry. In Figure 1, only waves B and D have half-wave symmetry. In Figure 2, none of the
waves has half-wave symmetry. In Figure 3, al but the first wave have haf-wave symmetry. 'The property of

eveness or oddness is separate from half-wave symmetry as indicated by Figure 4.

NN _AIAL 4 A
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has half-wave symmety has half-wave symmety no half-wave symmetry

Figure 4 Examples which illustrate that half-wave symmetry is independent of odd or eveness.

Suppose we watch two sinusoids, one at the fundamental frequency, and the other an odd
harmonic, starting at any point on the time axis. After one half cycle of the fundamental, both waves
have completed an odd number of half cycles. Therefore, both are about to repeat their waveforms of
the previous T/2 interval, but with reversed sign. If we add these sinusoids, the waveform of the sum
during the first T/2 will be identical to that of the sum during the second T/2, but with the sign
reversed. The sum istherefore awave of period T which has half-wave symmetry. The same istrue
no matter how many odd harmonics are summed. Now suppose the second wave is an even harmonic.
After ahalf cycle of the fundamental, the even harmonic has completed some number of ful cycles
and is therefore about to repeat its waveform with no sign change. When equal values are added to
the fundamental during each half cycle, half-wave symmetry will be destroyed.

Thisisillustrated further in Figure 5. Note that the sum of the fundamental and the second
harmonic (left panel) does not show half-wave symmetry, but the sum of the fundamental and the
third harmonic (right panel) does possess half-wave symmetry.
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Figure 5. Presence of any even harmonic destroys half-wave symmetry.
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From the above discussion, we can formulate the following rule:

If x(t) has half-wave symmetry, its Fourier series contains no even harmonics.

Applications of Fourier Series

We have studied techniques for determining the response of alinear system to constant or
sinusoidal forcing functions. However, if x(t) is periodic but not sinusoidal, the response to this input
may be difficult to find directly. If x(t) is approximated by a number of Fourier sinusoidal terms, the
response to each of these terms may be found separately using sinusoidal analysis. Then, by
superposition, these responses can be added to approximate the system response to x(t).

The transfer function of a system, H (s), can be obtained using standard analysis

techniques. H (jow) can be used to find the system's response to sinusoidal driving forces. For any
frequency, say nawy, I-Il.‘jnm]] is a complex number which multiplies the input phasor w give the
output phasor, That is, the magnitude of each term of the input Fourier series is muluplied by the
respective [H(jntwy )l and its phase is shifted by an amount equal to the angle of H(jnay ).
Following are some examples which illustrate this technigue,

Given that x(t), the input voltage to the electric systern below, is the square wave of the

previous examples, determine the Fourier series approximation of the output, ¥(t). The elements
of the system are R = 10K and L = 2.5 mH.

x(t)
o —n—
A - .
- 0 () R§ 0
N —

We choose to do this problem using the trigonometric series. We already have found that
x(t) can be expressed as

x(f} = 'irf"- [sin m|l+§-sin3m1t+-§-sm5mu+"-]

To determine y(t), we must use superposition and apply x(t) term by term to the system. The
system transfer function is different for each harmonic sinceit is afunction of the frequency:

o Y{e) _ R
H®) = ¥60) = R+ joL

Substituting the R and L values and replacing w by nw; where @) = 6.283x10% 1/s, we get

. -
HGnoy = 15157,
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This expression represents the attenuation (magnitude of H) and phase shift (angle of H) which each
harmonic of x(t) will recelve asit passes through the system. A quick way to compute attenuation and
phase shift values for the first 5 odd harmonicsisto use Maple: z:= 1/(1+1*n*1.57); for nfrom 1 by 2to 9
do convert(z,polar) od;

("nfrom 1 by 2 to 9" means step n from 1 to 9 in increments of 2.)
The values Maple provides for transfer function magnitude and angle (rounded) are:

harmmonic ] angle (rad)
] 537 -1.00
3 208 -1.36
5 126 -1.44
7 0906 -1.48
9 0706 -1.50

More harmonics could be included, but the attenuation indicates they will not be
of significance.

To determine y(t) coming out of the system, we must multiply each term of x(t), and
shift its phase according to the table above. The result (first 3 terms) is:

x(®) = A [0.684 sin (@1t - 57.3°) + 0.0882 sin 3wyt - 77.9°) + 0.0321 sin (5eyt - 82.5%) +---]

A plot of y(t) including harmonics through the 11th is given on the right, below.
x(t)

Notice that the effect of the system, which we recognize as alowpass filter, isto slow
therise and fall of theinput signal.
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Chapter 16 Problems

(d) 1
In each case, the frequency of the wave is 100 Hz.

1. Find the trigonometric Fourier series coefficient values for waves (a), (b), (c), and (d) above. Write
out the first three non-zero terms of each series. Use the methods below: (i) For (@), (b) and (d),
set up the required integrals, then integrate using Maple to get the Fourier coefficients. (ii)
Repest (b), thistime differentiating first to get asimpler integral. Don't use Maple (iii) Obtain
the trigonometric series for (c) by manipulation of the series for (d).

2. For the four waveforms of Problem 1, sketch magnitude and phase angle spectrum plots.

3. Find the exponential Fourier series for (d). Use either the definition or Euler's identity.

(ans:
L ix L, i =
4] 4] a( 1-n%)

L

n Even where x = w;t))

4. Find the exponential Fourier series for the wave below. Write out 5 terms. (ans all X, = 2).

](,JEH |;} fo fo -

-1 1 2

5. Suppose wave (a) has a fundamental frequency of @, = 2000 t/s. It is the input voltage wave
to the RL lowpass filter shown on the next page (R = 10004}, L = 0.5H). Use Fourier techniques
and Maple to obtain a plot of the output voltage waveform (appearing across R). Include a
sufficient number of terms for an accurate picture. (Don't forget to adjust both magnitude and
phase).
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As a guide, the Maple commands to find the a, and b, coefficients for wave (a) are given
below. Note that these must still be evaluated for each n before the series can be written.

= &n = (P1)* int((1/Pi)*cos(n*x)x=-Pi.Pi); (the a,, of course, should = zero.)
= bn = (2/P)* int({1/Pi)*sin{n*x),x=-Fi..Fi);

Some Fourier series results:

Wave (a): 2 sinwyt - sin 20t + (2/3) sin 3ot - ...

Wave (b):
E_4cosat  cos3agt | cosSagt
2 = 12 32 52
Wave (c):
2 _ 4|cos 2ant + cos dawgt + mﬁm.t+
R Rl 1.3 3.5 57
Wave (d)

1+ L sin eyt - 2|cos2aqt . cosdapr | cosbat
x 2 % 13 3.5 5.7
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